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Fuzzy Evaluation of Heart Rate Signals for Mental
Stress Assessment

Mohit Kumar, Matthias Weippert, Reinhard Vilbrandt, Steffi Kreuzfeld, and Regina Stoll

Abstract—Mental stress is accompanied by dynamic changes in
autonomic nervous system (ANS) activity. Heart rate variability
(HRV) analysis is a popular tool for assessing the activities of au-
tonomic nervous system. This paper presents a novel method of
HRV analysis for mental stress assessment using fuzzy clustering
and robust identification techniques. The approach consists of 1)
online monitoring of heart rate signals, 2) signal processing (e.g.,
using the continuous wavelet transform to extract the local features
of HRV in time-frequency domain), 3) exploiting fuzzy clustering
and fuzzy identification techniques to render robustness in HRV
analysis against uncertainties due to individual variations, and 4)
monitoring the functioning of autonomic nervous system under dif-
ferent stress conditions. Our experiments involved 38 physically fit
subjects (26 male, 12 female, aged 18-29 years) in air traffic con-
trol task simulations. The subjective rating scores of mental work-
load were assessed using NASA Task Load Index. Fuzzy clustering
methods have been used to model the experimental data. Further,
a robust fuzzy identification technique has been used to handle
the uncertainties due to individual variations for the assessment
of mental stress.

Index Terms—Heart rate variability (HRV), continuous wavelet
transform, NASA-task load index, fuzzy clustering, robustness,
fuzzy identification.

I. INTRODUCTION

SSESSMENT of mental stress under different workload

conditions is a recurrent issue in many engineering and
medicine fields. Although mental stress cannot be measured di-
rectly, the physiological response of an operator can be inter-
preted to assess the level of mental stress. Several physiological
parameters (like electroencephalograph, blood pressure, heart
rate, heart rate variability (HRV), electrodermal activity (EDA),
event-related potentials, and electromyograh) have been found
sensitive toward any changes occurring in the mental stress level
of an operator. Cardiac activity is the most common physiolog-
ical measure for the assessment of mental workload [1]. An elec-
trocardiogram (ECG) is a cardiac measure that shows sensitivity
towards variations in workload [2]. Heart rate variability (a mea-
sure of electrocardiographic activity) has been widely accepted
in the literature for the assessment of mental workload (see, e.g.,

[2]-[8D).
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The autonomic nervous system (ANS), which controls car-
diac muscle, is of interest for stress detection. ANS is concerned
with the regulation of heart rate, blood pressure, breathing rate,
body temperature, and other visceral activities. The ANS ac-
tivity is divided into two branches: sympathetic and parasympa-
thetic, which influence the sinus node of the heart, thereby mod-
ulating heart rate. The sympathetic activity is primarily related
to the preparation of body for stressful situations by boosting of
energy. On the other hand, parasympathetic activity (most active
under restful situations) counterbalances the effects of the sym-
pathetic activity and restores the body to a resting state. Under
normal situations, there is a balance between these two activi-
ties. However, during stress this balance will be altered and an
analysis of heart rate signals could be potentially used to detect
this alteration in system balance [9]-[14].

HRV is a measure of the variability in heart rate, i.e., vari-
ability in interbeat interval (1BI), which is defined as the time in
milliseconds between consecutive R waves of an electrocardio-
gram. The IBI series (R-R intervals) can be analyzed using some
mathematical theories (e.g., fast Fourier transform, wavelet the-
ories, chaos) to assess ANS activities. The analysis of HRV pro-
vides a theoretical framework for ANS assessment by identi-
fying the sympathetic and parasympathetic activities. The anal-
ysis of HRV in frequency domain could provide various infor-
mation about cardiovascular control [15], [16]. Overall spectra
of human HRV can be divided into three main frequency zones:
below 0.04 Hz is very low frequency (VLF), between 0.04 and
0.15 Hz is low frequency (LF), and between 0.15 and 0.5 Hz
is high frequency (HF). The LF is affected by both the sympa-
thetic and parasympathetic activities, and the HF is found to be
dominated by the parasympathetic activity [17]. The VLF is re-
lated to factors like temperature, hormones, etc. [18]. The ratio
of the LF to HF power has been associated with the sympatho-
vagal balance [18].

An emerging body of literature seems to suggest that HRV
analysis can be potentially used to measure mental stress. How-
ever, a practical problem, which is so far not well addressed in
the literature, is to derive some form of mathematical (quantita-
tive) relations between parameters of ANS activity and mental
stress. The problem can be formally stated as follows.

Problem 1: Given a 3-min IBI series (R-R intervals), estimate
the level of mental stress on a scale ranging from 0 to 100 by
monitoring the functioning of autonomic nervous system using
HRV analysis.

The solution of above problem not only would provide a
physiological interpretation of a so-called mental stress but also
has the direct applications in engineering fields like adaptive
automation and man-machine interface design. The major
difficulties in solving Problem 1 are the following.
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Fig. 1. Three components of research work.

1) HRV signal is nonstationary, i.e., it is characterized by time
variations in its frequency components.

2) Thealterations in HRV signal due to a change in the level of
mental stress (these alterations would be used to detect the
corresponding change) are subjective to individuals. The
changes, which result in the HRV pattern of individuals
due to a change in stress level, are different among indi-
viduals. This difference in behavior among the individuals
may arise due to different body conditions, gender, age,
physical fitness, emotional states, and so on.

To overcome the first difficulty, spectral components of
HRV can be determined in the time-frequency domain using a
wavelet transform [19]. Moreover, the logarithmic resolution
of the wavelet transform enables the finer estimation of very
low frequencies components. To resolve the second difficulty,
some of the approaches coming from the area of neural network
have been used (see [20] and references therein). This is done
by combining HRV analysis with a neural network such that
individual variations are learnt by a neural network. However,
neural network—based approaches are like a “black box,” since
these do not provide a human-understandable insight into
relationships between ANS activities and level of mental stress.

Fuzzy inference systems based on fuzzy set theory of Zadeh
[21] are considered suitable for dealing with many real-world
problems (which are characterized by complexities, uncertain-
ties, and a lack of knowledge of the governing physical laws).
The fuzzy systems not only are capable of learning complex
input—output relationships but also offer additionally the ad-
vantage of providing an insight into relationships (i.e., inter-
pretability). Thus, an identification of input—output mappings
using a fuzzy model has become a common practice in litera-
ture; see, e.9., [22]-[29]. Also, in [30], a fuzzy inference system
was used for interpreting ANS activities to estimate stress quan-
titatively.

The solving of Problem 1 would require, with respect to the
state of art, a research work.

Research Work 1: This work involves development of a
model (preferably fuzzy because of its uncertainties handling
and interpretability advantages) robust enough to individual

»| Mathematical »| Monitoring ANS
Analysis autonomic functioning
nervous system
activities

variations for establishing relationships between 3 min HRV
analysis and mental stress (on a scale of 0-100). Once this
model has been developed, the relationships between auto-
nomic nervous system activities and mental stress could be
established.

Fig. 1 shows the three components of Research Work 1. Re-
search Work 1(a) deals with the extraction of IBI signal features
in time-frequency domain using continuous wavelet transform.
These features of IBI signal are interpreted to estimate the level
of mental stress in component Research Work 1(b). In compo-
nent Research Work 1(c), the sympathetic and parasympathetic
activities of ANS are assessed using some mathematical anal-
ysis of IBI signal, and thus the functioning of ANS is monitored
under different stress conditions. It is not difficult to realize that
Research Work 1(b) is a bottleneck and plays the most important
role in deciding the accuracy of the analysis. From a mathemat-
ical point of view, Research Work 1(b) is simply a problem of
robust identification of a fuzzy model using input—output data
in the presence of data uncertainties and modelling errors. Thus,
we present a brief review of the literature in the field and iden-
tify the need of further research.

When it comes to the development of fuzzy models, a large
number of fuzzy identification techniques have been developed
using ad hoc approaches, neural networks, genetic algorithms,
clustering techniques, and Kalman filtering [22], [24], [26],
[28], [29], [31]-[40]. Most of the online fuzzy identifica-
tion techniques in the literature use gradient-descent-based
algorithms (such as backpropagation) for the adjustment of
nonlinear fuzzy model parameters. However, in the presence of
data uncertainties and modelling errors, gradient-descent-based
techniques are not suitable due to their nonrobust nature. We
believe that while studying fuzzy identification methods, the
following issues should be addressed.

1) Fuzzy model identification is an ill-posed problem [41].
The identification of not only linear parameters (conse-
quents) but also the nonlinear parameters (antecedents) of
fuzzy model should mathematically take into account data
uncertainties and modelling errors.

2) The identification procedure should be an online method.
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3) The identification procedure should not require a priori
knowledge of upper bounds, statistics, and distribution of
data uncertainties and modelling errors.

4) The identification procedure should preserve the inter-
pretability (a key property) of the fuzzy models.

These issues have been consider previously, e.g., in [23], [25],
and [42]-[49]. To the authors’ best knowledge, only the ap-
proach of [50] addresses all of the above concerns.

In this paper, our concern is to identify a fuzzy model that es-
tablishes the mappings between the clusters of input space and
the desired output. To do so, we follow the proposed min-max
approach of [51]. However, we apply to our problem a mod-
ified method based on a result of [50] to achieve fast conver-
gence and low misadjustment error. This paper is organized as
follows. In Section 11, Research Work 1 will be formulated in a
mathematical framework. Our research results on the topic will
be presented in Section Il1l. Afterwards, we discuss future re-
search plans and offer concluding remarks.

Il. MATHEMATICAL FORMULATIONS FOR A Fuzzy BASED
APPROACH TO STRESS ASSESSMENT

This section formulates mathematically the three components
of Research Work 1, i.e., IBI signal processing, robust fuzzy
processing, and assessing autonomic nervous system activities.

A. IBI Signal Processing

Many studies on the spectral analysis of HRV are based on
fast Fourier transform (FFT) [12]. However, as discussed in pre-
vious section, IBI signal is nonstationary and should be ana-
lyzed in time-frequency domain. The typical methods of time-
frequency decomposition (e.g., short-time Fourier transform,
Wigner—Ville, continuous wavelet transform) divide the time
span of the signal into successive windows and then assess the
spectrum in each window. Thus, the changes in spectral compo-
nents of the signal between successive windows provide a time
variation of the spectral components. The length of the windows
determines the time resolution. That is, the short windows pro-
vide a high time resolution and the long windows provide a low
resolution. In any method of time-frequency decomposition, the
time resolution (At) and the frequency resolution (A f) obey
the Heisenberg uncertainty principle: AtA f > 2. The contin-
uous wavelet transform uses a variable window length such that
At « 1/f. This results in a high-frequency resolution in the
lower frequency range of HRV spectra and thus enables a finer
estimation of lower frequency content [52]. Fourier transform
expresses a signal as a sum of sines and cosines waves, while
continuous wavelet transform expresses a signal as a sum of
wavelets. The wavelets are defined by the wavelet function ().
Mathematically, the continuous wavelet transform of a signal
s(t) at scale a and position b is defined by

W3 (a,b) = % /3(1&)1,/) (t - b) dt. )

For the analysis of HRV in time-frequency domain, we
choose our wavelet function ¢ (¢) equal to the fifteenth deriva-
tive of the complex Gaussian function

f(t) = 0156_it6_t2

C15 is such that || f15]|? = 1, where f1° is the fifteenth deriva-
tive of f. Fig. 2(a) shows the plot of real and imaginary parts
of our wavelet function. This wavelet function could be associ-
ated to a purely periodic signal of frequency 1 Hz. To see this,
consider the FFT of wavelet function v (¢) in Fig. 2(b), that indi-
cates 1 Hz to be the leading dominant frequency of v(¢). Thus, a
frequency associated with v (¢/a) would be equal to 1/a. This
property of wavelet function is helpful in the interpretation of
continuous wavelet transform. W (a,b) can be interpreted as
an estimate of the contribution of frequencies in a band around
1/a at time around b. Thus, the powers in frequency bands of
signal (e.g., LF, HF), around time b, can be assessed by inte-
grating [W,: (a, b)|* over the desired frequency band.

Our aim, in this section, is to extract the features of HRV
in time-frequency domain. A 3-min continuous wavelet anal-
ysis of HRV in frequency range, say, 0.01-0.5 Hz (i.e., a; €
[2,100],b; € [0, 3]), will result in a two-dimensional matrix
[W (a;, bj)]. It is not convenient to use this matrix as input of
the fuzzy model. Moreover, the physiological interpretation of
the matrix is unknown. Therefore, we suggest the following pa-
rameters for our analysis:

0.04
p1= My (1/f) df 2
J0.01
0.15
p2 = My (1/f) df (3)
s
p3 = " My (1/f) df (4)

where My (a) = (1)/(ny +1) Y250, [W5i(a,b5)[?,b; is the
time index such that by = 0 and b,,, = 3 min.

It can be seen that parameters p1, po, and p3 assess in VLF,
LF, and HF bands, respectively, the average power of the signal
during 3 min, and thus are physiologically relevant. As an il-
lustration, consider a 3-min IBI series extracted from the ECG.
The R-R intervals were used to produce an HR signal in beats
per minute, i.e., HR= (60 000)/(R-R interval). Fig. 3 shows the
analysis using the above defined complex wavelet function by
plotting HR signal, color-plot of wavelet transform over scale-
position plane, and average spectrum of the signal over 3 min.

B. Robust Fuzzy Processing

Now, we are concerned to analyze the parameters p1, ps, and
p3 using an interpretable fuzzy model (that is robust enough to
individual variations) to estimate the level of mental stress on a
scale of 0-100. This is done by first partitioning the input pa-
rameters space into different clusters and then establishing the
fuzzy mappings between clusters and mental stress level. How-
ever, such a fuzzy model could not be completely constructed
from a priori knowledge of experts because of the complexities
and uncertainties (due to individual variations). Thus, the fuzzy

Authorized licensed use limited to: Universitaetsbibl Rostock. Downloaded on February 19, 2009 at 04:36 from IEEE Xplore. Restrictions apply.



794

Real part of chosen wavelet function y(t)

1 T T

1 L ! |

-5 -4 -3 -2 -1 0 1 2 3 4 5

Imaginary part of chosen wavelet function y(t)

1 T T T T T T T

-1 1 I 1
-5 -4 -3 -2 -1 0 1 2 3 4 5

()

Fig. 2. A complex wavelet function. (a) Plot of the

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 15, NO. 5, OCTOBER 2007

Frequency content of wavelet function y(t)

35 T T T T T

251 [

201

J I : H : . ;
25 3 35 4

frequency (Hz)

(b)

80
- 70
o
=
o 60
1
N 50
40 1 1 L 1 1 1 1
0 20 40 60 80 100 120 140 160 180
time in seconds i.e. 60b.
| WA
N
<
K
0.01 — _—
20 40 60 80 100 120 140 160
time in seconds i.e. 60bj
10000 T T T T T T T
Py
1000 ¢ P, Py E
) \/\
= i
s 100 ¢ -
10F 3
3 1 1 1 1 ! 1
0.01 0.04 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
1/a (Hz)

Fig. 3. HRV features in time-frequency domain.

model must be identified using input—output data. The inputs
to the model are the parameters p1, p2, and p3, while output is
the quantification of mental stress. One can easily realize that
the output identification data for individuals cannot be gener-
ated accurately, since the method to assess mental stress on a
numerical scale would always involve an uncertainty in the as-
sessment. In our experiments, we use NASA Task Load Index
(TLX) for assessing the subjective rating score of mental work-
load [53]. The NASA Task Load Index is a method for providing
an overall workload score based on a weighted average of rat-

ings on six subscales (mental demands, physical demands, tem-
poral demands, own performance, effort, and frustration). We
assume that subjective mental workload is an uncertain measure
of the mental stress level. That is

subjective mental workload = mental stress + uncertainty.

Hence, the input identification data consists of physiological re-
sponse measuring parameters (e.g., p1,p2, p3) and the output
identification data is the subjective rating score of mental work-
load, as shown in Fig. 4. A major concern of this paper is to

Authorized licensed use limited to: Universitaetsbibl Rostock. Downloaded on February 19, 2009 at 04:36 from IEEE Xplore. Restrictions apply.



KUMAR et al.:

stress

uncertainty

Patient +

subjective workload

—I fuzzy model

physiological response
identification
algorithm

(P1; P2 Py )
Fig. 4. The identification of a fuzzy model to estimate stress using physiolog-
ical response parameters.

identify the fuzzy model. For this purpose, we first introduce
a clustering based fuzzy model (as in [51]) and then formulate
mathematically our problem of fuzzy identification.

1) A Clustering Based Fuzzy Model: Let us consider a
Sugeno type fuzzy inference system (F : X — Y'), mapping
n-dimensional input space (X = X; x Xo x --- x X,,)toa
one-dimensional real line, consisting of K different following

rules: ,
If z belongs to a cluster having centerc; then y = o'

1 = 1,2,..., K, where x € R™ is an n-dimensional input
vector, ¢; € R™ is the center of the ith cluster, and the values
o, ..., are real numbers. Let A;(x) denote a multivariable
membership function A; : X —[0,1] that represents the degree
of membership of input vector z € X to the ith cluster. The
different fuzzy rules can be aggregated as

Sy ot Aiw)
iy Ail)
For the fuzzy partition of input space X into K different clus-

ters by the method of fuzzy c-means (FCM), the membership
function A;(x) must satisfy (see [54])
K

> ZAm Mz — cil> — Minimum >~ A;(x)

rzeX i=1 =1

Fy(e) = ®)

where 7 > 1 is the fuzzifier and || - || denotes the Euclidean
norm. The membership function that minimizes the above ob-
jective function for a given choice of cluster centers {c; } X, fol-
lows as

FCM;(z,c1,...,¢cK)
L - forz € X\ {c¢j}j=1,.,
(=
1 forz =¢;
0 forz € {cj}j=1,..x \ {c}.
(6)

Fig. 5 shows a one-dimensional example of membership func-
tion FCM;( -) for three different clusters with cluster centers
at 20, 50, and 80 for /n = 2. The membership functions con-
structed using (6) has an inherent limitation of being nonconvex,
as seen from Fig. 5(a). That is, the points lying far away from the
cluster center may be assighed more membership to the cluster

FUZZY EVALUATION OF HEART RATE SIGNALS FOR MENTAL STRESS ASSESSMENT 795

than the points lying closer. The origin of the problem is the con-
straint that membership values’ sum is equal to unity. In [55],
a possibilistic approach for C-means clustering was introduced
that relaxes the unit sum constraint on the membership values
so that A;(x) better reflects the typicality of z to the sth cluster.
This approach adopts the following objective function:

Ml = eill® + (1 = Ai()™ 6]

ZZA’"

rzeX i=1

where ¢; is a positive scale parameter. The suggestions for
choosing 6; have been provided in [56]. Another approach,
called the noise clustering method, has been introduced by Davé
in [57] to deal with the noisy data. This approach considers
noise a separate cluster such that membership of z to the noise
cluster is defined as 1— Zfio A;(z) and the noise prototype is
always at the same distance from every point in the data set, say,
6. The objective function in the noise clustering approach is

K m
ZZA?L M —cll* + ) 8 (I—ZAi(x)> .
1=0

zeX i=1 reX

The different clustering methods can be derived by modifying
the possibilistic and noise clustering approaches. As an ex-
ample, consider a clustering criterion that assumes a noise
cluster outside each data cluster. We seek to minimize

JC(A( ) 617 cey

)t

rzeX i=1
+ {14+ A;(z)log A;(z) —

CK>

o)z — el

Ai(z)}oi]

where the second term in the objective function is intended to be
a noise cluster. The term {1 4+ A;(x)log A;(z) — A;(z)} may
be interpreted as the degree to which 2 does not belong to the
sth cluster and thus the membership of « to the noise cluster. If
the distance of « to the cluster center ¢; is greater than 1/;, then
the minimization of .J.(-) forces a small value of 4;(z) and a
large value of membership of z; to the noise cluster. Therefore,
one of the strategies may be to set §; equal to the distance of
nearest cluster center from ¢;, i.e.,

6; = min ||c; — ¢;|*.
J

Setting (0.J.(Ai(x),c1, ..., ¢x))/(0A;(x)) = 0 leads to the
following expression for optlmal membership function:

Fig. 5(b) shows the membership functions [(7)] for three dif-
ferent clusters with centers at 20, 50, and 80. Although the mem-
bership functions’ shape is convex, the assignment of member-
ship values to a cluster is totally independent of the location of
other cluster centers. As an illustration, consider a point 50 (the
center of second cluster) in Fig. 5(b) that has been assigned the
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Fig. 5. Membership functions of three clusters in one-dimensional input space using: (a) (6), (b) (7), and (c) (8).

membership values more than 0.30 to the first and third clusters.
This point, however, in case of FCM was assigned zero mem-
berships to the first and third clusters (that was obviously the
more natural assignment).

The membership functions of Fig. 5(a) and (b) can be com-
bined by adopting a mixed clustering criterion [58], [59]. One
way to do this is to assume the membership function A; has two
components Aq; and As; such that

m
_ Ali

Ao
A = + 2

2 2

where Ay;, A; minimizes the following constrained objective
function:

S5 [(Afi(2) + Asi(x))

-l-}l + AQZ(:E) log Azz(x) - AQL(.T)}(SL]

Now, A1; will be given by (6) and A; by (7). Thus
Ai(x7 Clye-ny CK)
_ |FCM1($, Clye-ny CK)|H7
N 2
RC;(z,c1, ..., cK
(z, 012, CK) . ®)

Fig. 5(c) shows a one-dimensional example of above member-
ship function for three clusters (with centers at 20, 50, and 80)
for m = 2. As seen from Fig. 5(c), (8) provides a compromise
between the nonconvex nature of (6) and the independent be-
havior of (7) with respect to the location of cluster centers. If
we denote

_ 1’42'(.’177017...761()
21‘1;1 Ai(a:acla e '7CK)

then the output of Sugeno type fuzzy inference system for this
shape of membership functions follows from (5) as

Gi(:v,cl, .. .701()

K
Fy(z) = Z a;Gi(z,c1,y. .., CK).
i—1
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We introduce the following notations: « —
[ai]i=1,..._K € RK/Q = [0{7...76%;]T € RKn’ and
G(z,0) = [Gi(%,0)]iz1,..k € RE. Now, the above

expression can be rewritten as

F.(z) = GT(z,0)a. 9)

As indicated by the above expression, the output of a clustering-
based fuzzy model is linear in consequents « and nonlinear in
cluster centers 6.

2) Mathematical Formulation of Fuzzy Identification
Problem: Let us consider a process described at the jth
time-index as

y(i) = f(x(5)) +n;

where n; is the unknown uncertainty in output measure-
ment y(j). Our aim is to identify online a fuzzy model
that approximates the unknown function f as closely as
possible. At any time index j, let («;,6;) denote the iden-
tified fuzzy model parameters using identification data set
{[z(0),y(0)],...,[=(4),y(4)]} and F the corresponding iden-
tification method. That is

(aj, 05) = F([#(0),y(0)]; - - ., [=(5), y(5)])-

The instantaneous identification error may be defined as

ej = f(x(5)) = GT(2(4). 0;)ax;-

The fuzzy identification problem can be formally stated as fol-
lows.

Fuzzy ldentification Problem 1: Given the identification
data set {x(j),y(j)}j—o. design an identification method
F* Ao, 05y = F*({(4), y(5)}i—,) that, without making
any statistical assumption and without requiring apriori knowl-
edge about uncertainty signal = ;, minimizes the magnitude of
identification error signal |e;| forall j = 0,...%. Thatis

k
S 1f () — GT (x(4), ;)erj] — Minimum.

i=0

The problem stated above cannot be solved directly, since uncer-
tainty signal n; is unknown. Therefore, we will consider some
robust approaches to solve the problem.

C. Assessing Autonomic Nervous System Activities

Given the IBI signal and corresponding level of stress from
Research Work 1(b) (see Fig. 1), our aim is to 1) assess the ANS
activities and 2) study the effect of stress on ANS. We have seen
that parameters p1, p2, and p3 assess the power in VLF, LF, and
HF bands, respectively. These powers have been largely used in
the literature by associating them to ANS activities (i.e., LF is
associated to sympathetic activity and HF to parasympathetic).
Thus, the ANS activities can be assessed by defining sympa-
thetic modulation index (SMI), vagal modulation index (VMI),

and sympathovagal balance index (SVI1) as

Y [ —
P2 + p3
VMl = 3
P2 + p3
svi= 22, (10)

p3

However, LF/HF ratio (i.e., SVI) is not a true index of the
sympathovagal balance, since LF is mediated not only by the
sympathetic activity but also by the parasympathetic activity
[60]. Some nonlinear methods, e.g., based on principal dy-
namic modes [61], could be used to separate the sympathetic
and parasympathetic activities.

Tovisualize the effect of stress on ANS, we propose to identify
theregionsin ANSactivity parametersspace suchthateachregion
is characterized by some level of stress. For example, Fig. 10, as
we will see, shows the identification of various stress regions on
the two-dimensional ANS activity parameters space. The identi-
fication of stressregionsshould be independent of individual vari-
ations. Therefore, an important concern is to choose the suitable
ANS activity parameters that provide robustness to individual
variation, e.g., normalized increase in activities (as in Fig. 10).

Ill. RESEARCH RESULTS

Our study involved:

1) a solution of the fuzzy identification problem 1 using a
robust (min-max) approach;

2) computer simulations;

3) experiments with 39 individuals.

A. A Min-Max Solution to Fuzzy Identification Problem 1

By min-max solution, we mean a solution that minimizes the
worst case effect of uncertainties on the performance of fuzzy
parameters identification, and hence a min-max solution is ro-
bust to uncertainties.

Result 1: A min-max solution to fuzzy identification Problem
1 is to identify the fuzzy model parameters, forall j = 0, .. ., &,
% §; = arg 1110in ¥ (0)

2\ T a . 2
[y(./) G (x(./)/e)ajgl] +/J’0_1||0_ 0}_1||2

1+ ul|G(z(5), 0l
pG (7). 0;)[y(5) — G* (2(5), 0;)cxj—1]
1+ ul|G(=(5),05)I1?

$i(0) =

o = o1 +
(12)

where a_1 = 0, 1, pig are any positive constants, and 6_; is an
initial guess about cluster centers.
Proof: The result follows directly from [51]. [ |
The above result suggests a robust method of fuzzy parameter
learning that performs better than the standard clustering and
gradient-descen-based learning methods in the presence of data
uncertainties and modelling errors [51]. The parameters (u, 14)
control the learning rate of the method. A higher learning rate
leads to fast convergence and a higher misadjustment error,
and vice versa. Thus, we like to use a variable or time-varying
learning rate (i.e., p(j) and we(j)) in recursions (11) and
(12) to meet the requirements of fast convergence and low
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misadjustment error. That is

§; = arg min ¥ (0) (13)
(2 W) =G D L
B0 = IR !
, HIIGE0).6,)) = 67 (@(3).6)e1]
O EEHRE

(14)

where a_; = 0. Let us for simplicity assume the ratio of an-
tecedents learning rate to consequents learning rate at any time
is constant, i.e.,

where sg > 0 is a constant. Assume that input—output data
{z(4),y(7)} could be modelled as
y(j) = GT(x(4), ;)" + n; (15)
where §; is given by (13) and «; given by (14) is an estimate
of some true vector o*. Here, n; includes measurement noise
and modelling errors. For our analysis, we define the following
error measures:
1) consequents-error vector &; = a* — a;
2) a priori estimation error e,(j) =
GT(2(j),0;);—1 = GT(x(j), 0y +
3) a priori recursion error GT (z(35),6;)d;1;
4) a posteriori recursion error GT (z(5),6;)a;.
A possible strategy to choose values {1(7), ug(j)} for fast con-
vergence and low misadjustment error is suggested in [50] for
the identification of fuzzy models. The method of [50] for the
identification of cluster centers and consequents is stated in Re-
sult 2.
Result 2: The learning of fuzzy model parameters using a
variable learning rate follows as

y(j) -

f; = arg min () (16)

ly(i) = GT(x(4), ) 1
|4 B

59||1§j(9)||2 —1 2
! <W> 16 — 6;-1 ]|

pi(0) = wpj—1

¥i(0) =

L U-w)y() - GT(2(j),0)a;—1]G(2(4),0)
1G(2(5), )
17)
e ()]
O = G0, 6P 9)
L OG0, 0)y) - GT(2(4),0;)aj1]
L+ p*(DIG(2(5), 0,12
(19)
where p_; = 0,a_; = 0.
Proof: See Appendix 1. [ |
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To study the stability of the learning method [(16)-(19)],
we associate to the learning method a discrete-time nonlinear
system of the form

a; = fi(a;-1,m;,2(5),y(4),0;-1,pj-1) (20)
where @; is the state of the system that changes from ¢;_; to &;
during a recursion of the algorithm (16)—(19), and f; is a con-
tinuous nonlinear function. Let £, (j — 1) denote the a priori
recursion error (i.e., &g, (7 — 1) = G"(2(j),0;)a;—1) and
£, (j) denote the a posteriori recursion error (i.e., {g,(j) =
G*(x(j),6;)a;). This transition of the error from £, (j —1) to
&g, (7). during a recursion of the algorithm, is due to the transi-
tion of state in system (20) from @;j_1 to a;. Therefore, (g, (j)
(a linear combination of the elements of state vector &;) is a
modified state of the discrete-time system (20).

The algorithm (16)—(19) will be considered stable if, for a
bounded magnitude of disturbances {n;}, the errors {{¢, (4)}
remain bounded and, for a small disturbance signal, the error
becomes small no matter what the initial error is. Linking the
algorithm stability to the stability of the nonlinear system (20),
we consider the input-to-state stability (ISS) (see, e.g., [62]),
where input corresponds to n; and state corresponds to {¢, (7 —
1). The ISS approach also has been considered in [44] to suggest
some stable fuzzy learning schemes.

Let us first recall some definitions and results (from [62])
concerning ISS for discrete-time nonlinear systems. A function
v : R>0 — R is a K-function if it is continuous, strictly in-
creasing, and v(0) = 0. A function § : R>o X R>9 — R>¢
is a KLL-function if, for each fixed ¢ > 0, the function 3( -, ¢) is
a KC-function and, for each fixed s > 0, the function (s, -) is
decreasing and ((s,t) — 0ast — oco. A function 7 : R>¢ —
R>g is a Koo-function if it is a K-function and 7(s) — oo as
S — OQ.

Definition 1: The learning algorithm in (16)—(19) will be con-
sidered stable from disturbances {7 } toerrors {{g, ()} if there
exists a KL-function 5 : R>y X R>9 — R>( and a K-func-
tion v : R>o — R>( such that, for each n; € L (i.e,
max; |n;| < oo) and each ¢, (—1) € R, it holds that

&a, (DI < B (I€ao (1)1, 5) + ’Y(m?X |n;1)-

The following theorem provides the stability condition.
Theorem 1: If there exists a continuous function V' : R —
R, Koo -functions 7, 7o, 73 and a K-function o such that

m1([s]) < V{(s)
<7ls]), VseR
Ve, () =V (éa, (1 — 1))
< =73 ([a, (5 — V) + o(|n])

Vg, (j —1) € R,V n; € R, then the learning algorithm, from
{n;} to {£(4)}, is stable.
Proof: The result follows from [62]. ]
Result 3: The learning algorithm in (16)—(19), from distur-
bances {7} to errors {{q,(j)}, is stable.
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Proof: It follows from (19) wusing y(j) - Now, we study the convergence properties of the learning al-
GT(x(4),0;)aj—1 = &g, (j — 1) + nj, that gorithm. For this purpose, consider from (19) that
~ - (71—1) —¢c.(y
R s st T O
/L()G( ()93)[€G (J_1)+n1] T
L+ p* ()G (=(5), 6;)]]2 Taking the squared norm on both sides, we have
e, (j) =&6,(i — 1) ‘ a2+ e, (G — 1)I?
prDIG (), 0)11? [€a, (G — 1) + ny] GG, )P

L+ (DG (), 65117

Define a positive and radically unbounded function V (s) = s
and consider AV; = V (&g, (7)) — V(éq, (1 — 1))

1 , )
A= T mieagnepr - ey
pOIGED 2 o
1+u<nw<o» DI
20" (NG (5), )26, — L,
(L+ (DG, 0)I2)°
The above expression implies
1 , )
S Trmoneao.epe - ket
pDIGEE 2
L+ @ (DG 6 ™
20" (DIG( (), 7)1 €c, G — DIy
(L+ (DG (), 6,)])2
Using inequality 2|¢c, ( — 1)]ln;] < [€a, (7 — 1)|? +|ny [, we

have

e WIGEE), 0PIy
NS e I EORDIE
W DG ), 0)2léa, (G - 1)
T+ (DIGE0), 6]

Substituting p*(j) from (18), the above inequality becomes

155 (6,11

P ZACE ) T
AV <G m ™!

Ok :

G+ by e et~ DI

Defining a constant m = min; ||p;(8;)11?/(C +1|p; (6;)|1*),0 <
m < 1, it follows from the above inequality that

V (¢,(5)) =V (¢6,(5 = 1)) < —7léq, (G — DI + |nji|>.

If we define K.-functions 71(s) = |s|min(L, |s]),2(s) =
52 + |s|,73(s) = 7s% and a K-function o(s) = s2, then

m1(|s]) < V(s) < 7a([s])
Ve, () =V (ée, (1 — 1))
< =73 (I€a, (7 = VI) + o(|n])

and thus by Theorem 1, the result follows. [ |

éa, ()7
1G(z(4), ;)1
To study the convergence properties, assume that n; = 0; then
we have

= |la,—al* + (21)

fo,0) = st
T 1+ (DIG( (), 05)117
and (21) is reduced to
C 2 a2 e U =D
L I (PR IE
" 1 ée, (G = DI?

L+ p(DIG (), ;)17 e, 0117

Substituting p*(j) leads to

5117 = flaja®
.o P\ ke l-DP
) 1GE. 6P

The above expression shows the convergence property in a sense
that the squared norm of consequents-error vector ¢; is a non-
increasing function of time index j. Further, it indicates that a
smaller value of C' should lead to a faster convergence and vice
Versa.

The proposed method for the identification of fuzzy model
parameters can be implemented using a Gauss—Newton based
algorithm provided in Appendix II.

B. Simulation Studies

The purpose of simulation studies is to compare the proposed
approach with the standard techniques and to verify the fast con-
vergence and low misadjustment error of the learning algorithm.
Consider a nonlinear function

f($17$2) =

(1 = zyp)e=ter =’

— o ( x1x9) +log(1l + z1x9)

where z; € [-0. ,0. ] and 2o € [-0. ,0. ]. The goal is to
identify the function f using the identification data sequence

generated according to

y(4) = f(@1(5), w2(4)) + 1






























