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On the Estimation of Parameters of Takagi�Sugeno
Fuzzy Filters

Mohit Kumar, Norbert Stoll, and Regina Stoll

Abstract�This study derives a class of �ltering algorithms for
Takagi�Sugeno fuzzy models via solving a nonlinear parameters
estimation problem. The considered estimation problem is related
to the problem of minimizing the expected value of the exponen-
tial of �ltering errors energy. Under some stochastic assumptions,
the �ltering criteria (which involve an expectation operator) are re-
placed by the deterministic quadratic optimization problems whose
solutions provide a class of fuzzy �ltering algorithms. From a view-
point of errors in the estimation of linear parameters of the fuzzy
�lter, the derived �ltering algorithms were analyzed with emphasis
on stability, robustness, and steady-state error issues. The stability
and robustness analyses have been made deterministically without
making any assumption.

Index Terms�Exponential cost criterion, fuzzy �ltering, H�-
optimality, robustness.

I. INTRODUCTION

FUZZY techniques are considered suitable for dealing with
many real-world problems characterized by complexities

and uncertainties. The design of the fuzzy �lters is an important
issue since many real-world applications (e.g., in chemistry [1],
biomedical engineering [2], [3], etc.) require the �ltering of
uncertainties from the experimental data. This motivates us to
develop in a mathematical framework the algorithms for the
�ltering of uncertainties from experimental data using the fuzzy
models. A general process model could be represented as

y(j) = fp(x(j)) + nj , j = 0, 1, 2, . . .

where x(j) � Rn is the input vector, y(j) is the output scalar,
nj is the underlying uncertainty to be �ltered out, and fp is the
process model.

The modeling task involves an approximation of the function
fp by a fuzzy model. The fuzzy model is identi�ed/tuned using
process input�output data pairs {x(j), y(j)}. The Sugeno-type
fuzzy models are typically chosen in such data-driven mod-
eling problems. The reason being that Sugeno fuzzy models
facilitate the mathematical development and an analysis of the
systematic methods for generating fuzzy rules from a given
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input�output dataset. Sugeno-type fuzzy models are character-
ized by two types of parameters: consequents and antecedents
(i.e., membership functions parameters). If we characterize the
antecedents using a vector � and consequents using a vector
�, then it will be explained in Appendix I that the output of a
zero-order Takagi�Sugeno fuzzy model is given as

Fs(x) = GT (x, �)�, c� � h

where G(•) is a nonlinear function (being de�ned by the shape
of membership functions) and c� � h is a matrix inequal-
ity to characterize the interpretability-related constraints on
antecedents.

Many researchers rely on gradient-descent-based algorithms
for the estimation of nonlinear antecedents and linear least-
squares-based algorithms for the estimation of consequents.
We believe, however, that a better �ltering performance can
be achieved via a proper consideration of disturbances in the es-
timation of both antecedents and consequents [4]. A straightfor-
ward extension of the well-developed linear estimation theory to
the nonlinear fuzzy models is still a challenge due to the nonlin-
earity of membership functions and interpretability constraints
on their estimation. The nonrobust nature of gradient-descent
has motivated many researchers to develop the robust methods
of fuzzy identi�cation [4]�[16]. The techniques for rendering
robustness in fuzzy identi�cation methods, to name a few, are
regularization [7], [9], [10], [12], min�max estimation [4], [13],
input-to-state stability [8], and statistical approaches [11]. In
our recent explorations [15], [16], we have recognized and ad-
dressed some of the issues related to the estimation of fuzzy
model parameters in presence of disturbances. The authors
in [15] introduce an �energy-gain bounding approach� for the
estimation of parameters via minimizing the maximum possi-
ble value of energy gain from disturbances to the estimation
errors along the line of H�-optimal estimation. The algorithms
for the adaptive estimation of fuzzy model parameters based
on least-squares and H�-optimization criteria are provided
in [16].

Some studies on the fuzzy estimation and �ltering for dynam-
ical systems have appeared in the literature [17]�[20]. These ap-
proaches study so-called fuzzy dynamic model that is an interpo-
lation of local analytic linear models at different operating points
through fuzzy membership functions. The approaches coming
from the �eld of control theory, e.g., H� and H2 optimal de-
sign, have been used for the synthesis of �lters for fuzzy dynamic
models [19], [20]. However, these studies do not provide algo-
rithms for an estimation of both types of fuzzy model param-
eters (i.e., antecedents and consequents) based on some �lter-
ing criteria. Recently, we have provided in [21] a deterministic
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framework for the analysis and design of adaptive �ltering al-
gorithms for the estimation of fuzzy model parameters.

One of our main concerns is to motivate the �lter of [4] and
[15] as the solution of an estimation problem formulated based
on the ideas similar to that of exponential cost criterion (i.e., the
parameters of the fuzzy model are estimated by minimizing the
expected value of the exponential of �ltering errors energy). The
exponential cost criterion, introduced in [22] and later termed
as risk-sensitive criterion [23], involves the minimization of the
expected value of exponential of the error cost. The exponential-
criterion-based estimation problem for linear Gauss�Markov
models has been studied in [24] using the dynamic programming
approach. A more general nonlinear discrete-time problem has
been considered in [25] via reference probability methods. The
work in [26] considers �nite-dimensional risk-sensitive �lters
and smoothers for discrete-time nonlinear systems. The robust-
ness of risk-sensitive �lters under probability model uncertain-
ties is considered in [27]. The risk-sensitive criterion is known to
possess robustness characteristics and is closely related to H�

criterion [28].
For developing fuzzy �ltering algorithms based on the so-

lution of an exponential-cost-criterion-like formulated estima-
tion problem, we use similar techniques as of [29]. The risk-
sensitive estimation problem for linear state�space models has
been solved in [29] by computing the stationary point of a
deterministic quadratic form using Krein space linear estima-
tion theory [30]. However, a straightforward extension of the
results (presented in [29] for linear models) to the nonlinear
fuzzy models is not possible. Our approach to derive a gen-
eral class of fuzzy �ltering algorithms consists of following
steps.
S1: Formulate the �ltering problems as the deterministic opti-

mization problems (as is done in [29] for linear models).
S2: Keeping nonlinear parameters �xed, solve the determinis-

tic optimization problems with respect to the linear param-
eters by applying a result (stated as [15, Th. 1]) regarding
the computation of the minimum point of a quadratic form.

S3: For solving the optimization problems with respect to
the nonlinear parameters, choose the fuzzy model whose
nonlinear parameters (to be estimated) are time-varying
(preferably converging with time). This would allow
in a closed form the recursive solution of the opti-
mization problem (i.e., solution of the fuzzy �ltering
problems).

S4: If some stochastic assumptions have been made in step S1
(i.e., in reformulating the fuzzy �ltering problem to the de-
terministic optimization problem), then these assumptions
can be relaxed and the obtained solution of the �ltering
problem can be analyzed in a deterministic framework
with emphasis on stability and robustness issues.

The contribution of the paper is to derive, with the ap-
proach (S1�S4), a class of �ltering algorithms for Takagi�
Sugeno-type fuzzy models together with the stability, robust-
ness, and steady-state error analyses. A nonlinear estimation
problem is de�ned in Section II and solved in Section III to
de�ne a general class of �ltering algorithms in Section IV.
Section V presents the analysis of the �ltering algorithms. Sim-

ulation studies are provided in Section VI, followed by some
remarks and the conclusions in Section VII.

II. STOCHASTIC NONLINEAR ESTIMATION PROBLEM

Given the input�output data {x(j), y(j)}k
j=0 , the classical

approach to the �ltering problem is to assume that there exist
some true parameters (��, ��, c�� � h) of the fuzzy model that
�t the input�output as

y(j) = GT (x(j), ��)�� + nj (1)

where x(j) is the input vector, y(j) is the output measurement,
and nj is the uncertainty to be �ltered out. We follow the ap-
proach of [15] to model the data as

y(j) = GT (x(j), ��
j )�

� + nj (2)

such that antecedent vector ��
j may vary with time index j. How-

ever, ��
j is expected to converge to a constant vector with time.

Such a time-varying antecedent fuzzy model, as we will see,
allows us to �nd in closed form the solution of the formulated
fuzzy �ltering problems. Moreover, (2) is a generalized repre-
sentation of (1). The central concern of this study is to 1) �nd
out an appropriate time variation of vector ��

j and 2) estimate
parameter ��.

Let (�j , �j , c�j � h) denote, at time index j, the estimate of
parameters (��, ��

j , c��
j � h). The �ltering error is given as

ej = GT (x(j), ��
j )�

� � GT (x(j), �j )�j .

Since ��
j should converge, therefore we take an initial guess

about ��
j equal to the estimate of ��

j�1 (i.e., �j�1). Now, a priori
error in the estimation of ��

j is denoted as n�
j = ��

j � �j�1 . Here,
n�

j can be interpreted as a disturbance in the estimation of ��
j .

Given the input�output dataset {x(j), y(j)}k
j=0 , the estima-

tion of fuzzy model parameters based on following �ltering
criteria makes sense:

min
{�j ,�j , c�j �h}k

j = 0

E

�

�exp

�

��
�
2

k�

j=0

|ej |2
�

�

�

	 , � < 0 (3)

max
{�j ,�j , c�j �h}k

j = 0

E

�

�exp

�

��
�
2

k�

j=0

|ej |2
�

�

�

	 , � > 0. (4)

Here, E[•] is the expectation taken over variables
(��, ��

0 , . . . , ��
k ), conditioned on input�output data

{x(j), y(j)}k
j=0 and � is a scalar. The criteria sought to

be minimized/maximized is the expected value of an ex-
ponential function of the �ltering errors. In the literature
of state�space models, such optimization problems have
been extensively studied and are referred to as risk-sensitive
criterion [31]. The parameter � is referred to as the risk-
sensitive parameter. The minimization problem (3) for � < 0
is termed as risk-averse estimation, while the maximization
problem (4) for � > 0 is termed as risk-seeking estima-
tion. For a given joint conditional probability distribution
p (��, ��

0 , . . . , ��
k |y(0), . . . , y(k), x(0), . . . , x(k)), the expected
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value is calculated as

E

�

�exp

�

��
�
2

k�

j=0

|ej |2
�

�

�

	

=



p (��, ��
0 , . . . , �

�
k |y(0), . . . , y(k), x(0), . . . , x(k))

× exp

�

��
�
2

k�

j=0

|ej |2
�

� d��d��
0 • • • d��

k .

Now, problems (3) and (4) can be expressed as

min
{�j ,�j ,c�j �h}k

j = 0



p(•) exp

�

��
�
2

k�

j=0

|ej |2
�

� d��d��
0 • • • d��

k

where � < 0

max
{�j ,�j ,c�j �h}k

j = 0



p(•) exp

�

��
�
2

k�

j=0

|ej |2
�

� d��d��
0 • • • d��

k

where � > 0.
Thus, problems (3) and (4) minimize/maximize the integral,

over (��, ��
0 , . . . , ��

k ), of the nonnegative term

p (•) exp

�

��
�
2

k�

j=0

|ej |2
�

� . (5)

The integral of (5) over (��, ��
0 , . . . , ��

k ) cannot be computed
analytically, and thus, problems (3) and (4) cannot be solved
in closed form. A different, but closely related to (3) and (4),
approach can be of minimizing/maximizing the maximum pos-
sible value (instead of integral) of nonnegative term (5) over
(��, ��

0 , . . . , ��
k ). That is, we solve

min
{�j ,�j , c�j �h}k

j = 0

max
��,{��

j }k
j = 0

p(•) exp

�

��
�
2

k�

j=0

|ej |2
�

� , � < 0

(6)

max
{�j ,�j , c�j �h}k

j = 0

max
��,{��

j }k
j = 0

p(•) exp

�

��
�
2

k�

j=0

|ej |2
�

� , � > 0.

(7)

Our motivation of considering problems (6) and (7) is derived
from the following facts.

1) It is possible to derive analytically the solutions of (6) and
(7) under some stochastic assumptions.

2) The H�-optimal-like fuzzy �lter of [15] can be motivated,
under some stochastic assumptions, as the unique solution
of (6) for a particular case of � = �1. Thus, solutions of
(6) and (7) will generalize the �lter of [15] to any nonzero
value of �.

The stochastic assumptions to be made here are

A1: ��, {��
j }, and {nj } are independent Gaussian random vari-

ables with means 0, {�j�1}, and 0, and variances µI , µ�I ,
and unity, respectively.

Using assumption A1, the probability density function of
random variables ��, ��

0 , . . . , ��
k can be expressed as

p (��, ��
0 , . . . , �

�
k )

� exp

�

��
µ�1

2
����2 �

µ�1
�
2

k�

j=0

���
j � �j�1�2

�

� (8)

where � refers to �proportional to.� Also, it follows from as-
sumption A1 that

p (y(0), . . . , y(k)|��, ��
0 , . . . , �

�
k , x(0), . . . , x(k))

� exp

�

��
1
2

k�

j=0

|y(j) � GT (x(j), ��
j )�

�|2
�

� (9)

since given (��, ��
0 , . . . , ��

k , x(0), . . . , x(k)), the random
variables {y(j)} are independent Gaussian with means
{GT (x(j), ��

j )��} and variances unity. By Bayes� theorem

p (��, ��
0 , . . . , �

�
k |y(0), . . . , y(k), x(0), . . . , x(k))

= p (y(0), . . . , y(k)|��, ��
0 , . . . , �

�
k , x(0), . . . , x(k))

×
p(��, ��

0 , . . . , �
�
k |x(0), . . . , x(k))

p(y(0), . . . , y(k)|x(0), . . . , x(k))
. (10)

Since we assume that ��, {��
j } are independent of {x(j)},

and therefore

p(��, ��
0 , . . . , �

�
k |x(0), . . . , x(k)) = p (��, ��

0 , . . . , �
�
k ) . (11)

Hence, joint conditional probability distribution follows from
(8)�(11) as

p (��, ��
0 , . . . , �

�
k |y(0), . . . , y(k), x(0), . . . , x(k))

�
1

p(y(0), . . . , y(k)|x(0), . . . , x(k))
exp
�

�
1
2

[a term]
�

(12)

a term = µ�1����2 + µ�1
�

k�

j=0

���
j � �j�1�2

+
k�

j=0

|y(j) � GT (x(j), ��
j )�

�|2 .

Multiplying both sides of (12) with exp((��/2)

k

j=0 |ej |2),
ej = GT (x(j), ��

j )�� � GT (x(j), �j )�j , we have

p(•) exp

�

���
2

k�

j=0

|ej |2
�

�

�
exp(�(1/2)Jk (��,{��

j }k
j=0 ,{x(j), y(j)}k

j=0 ,{�j , �j}k
j=0 ,�))

p(y(0), . . . , y(k)|x(0), . . . , x(k))

(13)
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where Jk is a quadratic form de�ned as

Jk (��, {��
j }k

j=0 , {x(j), y(j)}k
j=0 , {�j , �j }k

j=0 , �)

= µ�1
�

k�

j=0

���
j � �j�1�2 +

k�

j=0

|y(j) � GT (x(j), ��
j )�

�|2

+µ�1����2 + �
k�

j=0

|GT (x(j), ��
j )�

� � GT (x(j), �j )�j |2 .

(14)

In view of (13), problems (6) and (7) can be reformulated as

max
{�j ,�j , c�j �h}k

j = 0

min
��,{��

j }k
j = 0

Jk (•), � < 0 (15)

min
{�j ,�j , c�j �h}k

j = 0

min
��,{��

j }k
j = 0

Jk (•), � > 0. (16)

III. SOLUTION OF ESTIMATION PROBLEMS

For given parameters {��
j }k

j=0 , de�ne the following mini-
mization problem

Jmin
k ({��

j }k
j=0 , {x(j), y(j)}k

j=0 , {�j , �j }k
j=0 , �)

= min
��

Jk (��, {��
j }k

j=0 , {x(j), y(j)}k
j=0 , {�j , �j }k

j=0 , �)

where Jk (•) is provided by (14). Jmin
k will be given as

Jmin
k ({��

j }k
j=0 , {x(j), y(j)}k

j=0 , {�j , �j }k
j=0 , �)

= µ�1
�

k�

j=0

���
j � �j�1�2 + min

��
[a quadratic form] (17)

where the quadratic form is given as

µ�1����2 +
k�

j=0

|y(j) � GT (x(j), ��
j )�

�|2

+ �
k�

j=0

|GT (x(j), ��
j )�

� � GT (x(j), �j )�j |2 .

Now, (15) and (16) can be expressed as

max
{�j ,�j , c�j �h}k

j = 0

min
{��

j }k
j = 0

Jmin
k (•), � < 0 (18)

min
{�j ,�j , c�j �h}k

j = 0

min
{��

j }k
j = 0

Jmin
k (•), � > 0. (19)

Lemma 1: For any � � �1, a unique minimum with respect
to �� exists with the quadratic form

µ�1����2 +
k�

j=0

|y(j) � GT (x(j), ��
j )�

�|2

+ �
k�

j=0

|GT (x(j), ��
j )�

� � GT (x(j), �j )�j |2

and is given by
k�

j=0

[y(j) � GT (x(j), ��
j )��j ]2

1 + GT (x(j), ��
j )PjG(x(j), ��

j )

+
k�

j=0

�
GT (x(j), �j )�j � GT (x(j), ��

j )�j (��
j )
�2

��1 + Tj (��
j )

where ��0 = 0, P0 = µI

��j+1(��
j , �j , �j )

= ��j +
PjG(x(j), ��

j )
�
y(j) � GT (x(j), ��

j )��j
�

1 + GT (x(j), ��
j )PjG(x(j), ��

j )

+
PjG(x(j), ��

j )
�
GT (x(j), �j )�j � GT (x(j), ��

j )�j (��
j )
�

�
1 + GT (x(j), ��

j )PjG(x(j), ��
j )
� �

��1 + Tj (��
j )
�

(20)

Tj (��
j )

= GT(x(j), ��
j )[P

�1
j +G(x(j), ��

j )G
T(x(j), ��

j )]
�1G(x(j), ��

j )

(21)

�j (��
j ) = ��j +

PjG(x(j), ��
j )
�
y(j) � GT (x(j), ��

j )��j
�

1 + GT (x(j), ��
j )PjG(x(j), ��

j )
(22)

Pj+1(��
j ) =

�
P �1

j +(1+ �)G(x(j), ��
j)G

T (x(j), ��
j )
��1 . (23)

Proof: See Appendix II. �
Theorem 1: The estimation of fuzzy model parameters, based

on �ltering criterion (18) for some scalar �1 � � < 0, follows
as

�j = arg min
�

[�j (�), c� � h]

�j (�) =
|y(j) � GT (x(j), �)�j�1 |2

1 + GT (x(j), �)PjG(x(j), �)
+ µ�1

� �� � �j�1�2

�j = �j�1 +
PjG(x(j), �j )

�
y(j) � GT (x(j), �j )�j�1

�

1 + GT (x(j), �j )PjG(x(j), �j )

Pj+1 =
�
P �1

j + (1 + �)G(x(j), �j )GT (x(j), �j )
��1

�j = 0, 1, . . . , k, starting with ��1 = 0, P0 = µI , and ��1 (ini-
tial guess about antecedents).

Proof: To solve the formulated optimization problem (18), the
functional value of Jmin

k , for �1 � � < 0, could be calculated
using Lemma 1. It follows from Lemma 1 that

Jmin
k ({��

j }k
j=0 , {x(j), y(j)}k

j=0 , {�j , �j }k
j=0 , �)

=µ�1
�

k�

j=0

���
j ��j�1�2+

k�

j=0

|y(j) � GT (x(j), ��
j )��j |2

1 + GT (x(j), ��
j )PjG(x(j), ��

j)

+
k�

j=0

�
GT (x(j), �j )�j � GT (x(j), ��

j )�j (��
j )
�2

��1 + Tj (��
j )

(24)

where recursions for ��j , Pj , and �j are provided by (20)�(23),
starting with ��0 = 0, P0 = µI . For any parameters {��

j }k
j=0 and
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any �1 � � < 0, the maximization of

Jmin
k ({��

j }k
j=0 , {x(j), y(j)}k

j=0 , {�j , �j }k
j=0 , �)

over causal parameters {�j , �j }k
j=0 occurs, when �j = ��

j and
�j = �j (��

j ). To see this, �rst note from (21) that

Tj (��
j )=

GT (x(j), ��
j )PjG(x(j), ��

j )
1 + GT (x(j), ��

j )PjG(x(j), ��
j )

<1, since Pj > 0.

Thus, for any �1 � � < 0, ��1 + Tj (��
j ) < 0. This implies that

the third term on the right-hand side (RHS) of (24), i.e., the
only term that depends upon (�j , �j ), is negative. The �rst and
second terms in (24) are not maximized over {�j , �j }k

j=0 , since
the parameters {�j , �j }k

j=0 are causal (i.e., parameters (�j , �j )
cannot depend upon future data {x(i), y(i)}i>j ). Choosing �j =
��

j and �j = �j (��
j ) makes the third term in (24) equal to zero,

and hence, results in the maximization of Jmin
k over {�j , �j }k

j=0 .
This fact leads to the following solution of optimization problem
(18):

�j = �j (�min
j ), �j = �min

j (25)

where

{�min
j }k

j=0 =

�

arg min
{��

j , c��
j �h}k

j = 0

Jmin
k ({��

j }k
j=0 ,

{x(j), y(j)}k
j=0 , {�j (��

j ), �
�
j }k

j=0 , �)

�

.

The values {�min
j }k

j=0 follow from (24) and (20)�(23) as

{�min
j }k

j=0 = arg min
{��

j , c��
j �h}k

j = 0

k�

j=0

�j (��
j )

where

�j (��
j ) =

|y(j) � GT (x(j), ��
j )��j |2

1 + GT (x(j), ��
j )PjG(x(j), ��

j )

+ µ�1
� ���

j � ��
j�1�2

��j+1(��
j ) = ��j +

PjG(x(j), ��
j )
�
y(j) � GT (x(j), ��

j )��j
�

1 + GT (x(j), ��
j )PjG(x(j), ��

j )

Pj+1(��
j ) =

�
P �1

j + (1 + �)G(x(j), ��
j )G

T (x(j), ��
j )
��1

starting with ��
�1 = ��1 (initial guess about antecedents),

��0 = 0, and P0 = µI .
Remark 1: Now, we show that the causal parameters

{�min
j }k

j=0 involve the solving of (k + 1) minimization prob-
lems. Since {�min

j }k
j=0 are causal, therefore

�min
0 = arg min

�
[�0(�), c� � h]

�0(�) =
|y(0) � GT (x(0), �)��0 |2

1 + GT (x(0), �)P0G(x(0), �)
+ µ�1

� �� � ��1�2

where ��0 = 0 and P0 = µI . Now, the value �min
0 is �xed, and

so the values ��1 and P1 are �xed and given as

��1 = ��0 +
P0G(x(0), �min

0 )
�
y(0) � GT (x(0), �min

0 )��0
�

1 + GT (x(0), �min
0 )P0G(x(0), �min

0 )

P1 =
�
P �1

0 + (1 + �)G(x(0), �min
0 )GT (x(0), �min

0 )
��1 .

Next, the value �min
1 follows as

�min
1 = arg min

�
[�1(�), c� � h]

�1(�) =
|y(1) � GT (x(1), �)��1 |2

1 + GT (x(1), �)P1G(x(1), �)
+ µ�1

� �� � �min
0 �2

and the other values follow so on. Hence, the causal param-
eters {�min

j }k
j=0 involve the solving of (k + 1) minimization

problems, i.e., for j = 0, . . . , k

�min
j = arg min

�
[�j (�), c� � h] (26)

�j (�) =
|y(j) � GT (x(j), �)��j |2

1 + GT (x(j), �)PjG(x(j), �)
+ µ�1

� �� � �min
j�1 �2

��j+1 = ��j +
PjG(x(j), �min

j )
�
y(j) � GT (x(j), �min

j )��j
�

1 + GT (x(j), �min
j )PjG(x(j), �min

j )

(27)

Pj+1 =
�
P �1

j + (1 + �)G(x(j), �min
j )GT (x(j), �min

j )
��1

(28)

where �min
�1 = ��1 , ��0 = 0, and P0 = µI .

Once {�min
j }k

j=0 have been computed using (26)�(28), it is
straightforward to obtain the solution of optimization problem
(18) using (25). By comparing (22) and (27), it can be seen
that �j (�min

j ) = ��j+1 . Hence, the desired solution (i.e., �j =
�j (�min

j ) = ��j+1 and �j = �min
j ) follows from (26)�(28) as

�j = arg min
�

[�j (�), c� � h]

�j (�) =
|y(j) � GT (x(j), �)�j�1 |2

1 + GT (x(j), �)PjG(x(j), �)
+ µ�1

� �� � �j�1�2

�j = �j�1 +
PjG(x(j), �j )

�
y(j) � GT (x(j), �j )�j�1

�

1 + GT (x(j), �j )PjG(x(j), �j )

Pj+1 =
�
P �1

j + (1 + �)G(x(j), �j )GT (x(j), �j )
��1

where ��1 = 0 and P0 = µI . Finally, Jk , de�ned by (14), at
the solution point is given as

k�

j=0

[y(j) � GT (x(j), �j )�j�1 ]2

1 + GT (x(j), �j )PjG(x(j), �j )
+ µ�1

�

k�

j=0

��j � �j�1�2 .

(29)
�
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Theorem 2: The estimation of fuzzy model parameters, based
on �ltering criterion (19) for some scalar � > 0, follows as

�j = arg min
�

[�j (�), c� � h]

�j (�) =
|y(j) � GT (x(j), �)�j�1 |2

1 + GT (x(j), �)PjG(x(j), �)
+ µ�1

� �� � �j�1�2

�j = �j�1 +
PjG(x(j), �j )

�
y(j) � GT (x(j), �j )�j�1

�

1 + GT (x(j), �j )PjG(x(j), �j )

Pj+1 =
�
P �1

j + (1 + �)G(x(j), �j )GT (x(j), �j )
��1

�j = 0, 1, . . . , k, starting with ��1 = 0, P0 = µI , and ��1 (ini-
tial guess about antecedents).

Proof: The results can be proved by following exactly the
steps of proof of Theorem 1. However, Jmin

k , given by (24), will
be now minimized over {�j , �j }k

j=0 , i.e., instead of (18), we
will have (19). Further, � in this case is positive, i.e., the third
term on RHS of (24) is positive. Thus, choosing �j = ��

j and
�j = �j (��

j ) will result in the minimization of Jmin
k over causal

parameters {�j , �j }k
j=0 . Hence, (25) will provide the solution

of the optimization problem. �

IV. UNIFIED VIEW OF FILTERING PROBLEMS FOR
TAKAGI�SUGENO FUZZY MODELS

First, we quickly review the H�-optimal-like �ltering prob-
lem for the chosen model (2). Afterward, different �ltering prob-
lems will be viewed in a uni�ed manner to provide a general
class of algorithms for estimating the parameters of Takagi�
Sugeno-type fuzzy models.

1) H�-optimal-like estimation: Find a causal estimation of
fuzzy model parameters {�j , �j , c�j � h}k

j=0 such that

max
(��,{��

j }k
j = 0 ,{nj }k

j = 0 )
(ratio) � 1 (30)

ratio =

k

j=0 |GT (x(j), ��
j )���GT (x(j), �j )�j |2

µ�1����2+µ�1
�

k

j=0 ���
j ��j�1�2 +


k
j=0 |nj |2

where the maximum possible value of energy gain from
disturbances to the �ltering errors is bounded.

This approach to fuzzy parameters estimation has been stud-
ied in [15]. Any parameter {�j , �j , c�j � h}k

j=0 would be sat-
isfying the energy-gain bound (30), if the following inequality
is satis�ed:

min
(��,{��

j }k
j = 0 )

Jk (��, {��
j }, {x(j), y(j)}, {�j , �j }, �1) � 0

(31)
where j = 0, 1, . . . , k, and Jk is given by (14).

Our approach to choose parameters {�j , �j , c�j � h}k
j=0

that satisfy the inequality (31) consists of following steps.
1) Solve

max
{�j ,�j , c�j �h}k

j = 0

min
��,{��

j }k
j = 0

Jk (•), for � = �1. (32)

2) Show that solution of (32) satis�es (31).
Lemma 2: A class of algorithms for estimating the parameters

of Takagi�Sugeno-type fuzzy models is given by the following

TABLE I
VALUE OF � FOR DIFFERENT FILTERING CRITERIA

recursions:

�j = arg min
�

[�j (�), c� � h] (33)

�j = �j�1 +
PjG(x(j), �j )[y(j) � GT (x(j), �j )�j�1 ]

1 + GT (x(j), �j )PjG(x(j), �j )

(34)

�j (�) =
|y(j) � GT (x(j), �)�j�1 |2

1 + GT (x(j), �)PjG(x(j), �)
+ µ�1

� �� � �j�1�2

Pj+1 = [P �1
j + (1 + �)G(x(j), �j )GT (x(j), �j )]�1 (35)

for all j = 0, 1, . . . , k with ��1 = 0, P0 = µI , and ��1 is an
initial guess about antecedents. Here, � � �1 is a scalar whose
different choices, as illustrated in Table I, solve the different
�ltering problems.

Proof: The solutions of �ltering problems (18) and (19), given
by (33) and (34), have been derived in Theorems 1 and 2, re-
spectively. Finally, the �ltering problem (30) can be consid-
ered a special case of risk-averse estimation for � = �1 (i.e.,
Pj = µI). To see this, �rst note that (32) is a special case of
(15). Now, at the solution point of (32), Jk (•), given by (29) for
Pj = µI , becomes
�

k�

j=0

[y(j) � GT (x(j), �j )�j�1 ]2

1 + µ�G(x(j), �j )�2 + µ�1
�

k�

j=0

��j � �j�1�2

�

� 0, since µ, µ� > 0.

In other words, the solution of (32) satis�es the condition (31).
Hence, the solution of �ltering problem (30) is given by (33)
and (34) for � = �1. �

V. STABILITY, ROBUSTNESS, AND STEADY-STATE ANALYSES

This section addresses the stability and robustness issues in
a purely deterministic setting, i.e., stochastic assumption A1
of Section II is relaxed. However, the steady-state analysis is
carried out under the often realistic statistical assumptions. A
limitation of our analyses is that these are only from the view-
point of errors in the estimation of linear parameters (�) and not
the nonlinear parameters (�). The reason being that the recur-
sion (33) for nonlinear parameters, unlike recursion (34), is not
in closed form.

Lemma 2 suggests that, given input�output data
{x(j), y(j)}k

j=0 , the fuzzy model parameters, for any nonzero
�nite � � �1, should recursively (i.e., online) be estimated as
(33) and (34). For any further analysis of algorithm (33) and
(34), consider a fuzzy model that �ts given input�output data
{x(j), y(j)}k

j=0 according to

y(j) = GT (x(j), �j )�� + vj (36)
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where �j is given by (33); �� is some true parameters vector
(which is to be estimated), and disturbance signal vj accommo-
dates measurement noise, modeling errors, and any mismatch
between estimated vector �j and some true vector ��

j .
We are interested in the analysis of estimating �� using (34)

in the presence of disturbance signal vj , i.e., we take �j as an
estimate of �� at the jth time instant and analyze the algorithms.
Our motivation for �tting the input�output data {x(j), y(j)}k

j=0
according to (36) is derived from the following facts.

1) �j is the optimal estimation of antecedent parameters in
the sense of Lemma 2.

2) The de�nition of �j given by (33) can be interpreted as
a least-squares-based adaptive estimation problem. Given
an initial guess (�j�1 , �j�1), we seek to improve upon
�j�1 by incorporating the additional information that is
provided by the new data pair (x(j), y(j)), via solving
a regularized nonlinear least-squares estimation problem
(33).

Following error measures are de�ned for our analysis.
1) Consequents error vector ��j = �� � �j .
2) A priori recursion error �Gj (j � 1) = GT (x(j), �j )��j�1 .
3) A posteriori recursion error �Gj (j) = GT (x(j), �j )��j .

A. Stability

The estimation algorithm (33), (34) and model (36) could be
associated to a discrete-time nonlinear system of the form

��j = f1(��j�1 , vj , x(j), y(j), �j�1 , �j�1 , Pj ) (37)

where ��j is the system state that changes from ��j�1 to ��j
during a recursion of estimation algorithm and f1 is a continuous
nonlinear function. Due to this transition of state, there is a
transition in recursion error from �Gj (j � 1) to �Gj (j). Thus,
�Gj (j) (a linear combination of elements of vector ��j ) is a
modi�ed state of the system (37). We are interested in the input-
to-state stability [8], [32] of nonlinear system (37), where input
corresponds to vj and state corresponds to �Gj (j).

Let us recall some de�nitions regarding the notion of input-
to-state stability for discrete-time nonlinear systems [32]. A
function � : R�0 	 R�0 is a K-function if it is continuous,
strictly increasing, and �(0) = 0. A function � : R�0 × R�0 	
R�0 is a KL-function if, for each �xed t � 0, the function �(•, t)
is a K-function, and for each �xed s � 0, the function �(s, •) is
decreasing and �(s, t) 	 0 as t 	 �. A function � : R�0 	
R�0 is a K�-function if it is a K-function and �(s) 	 � as
s 	 �.

Definition 1: The estimation algorithm (33), (34) is stable
from disturbances {vj } to errors {�Gj (j)} if there exists a KL-
function � : R�0 × R�0 	 R�0 and a K-function � : R�0 	
R�0 such that, for each vj � L� (i.e., maxj |vj | < �) and
each �G0 (�1) � R, it holds that

|�Gj (j)| � �(|�G0 (�1)|, j) + �
�

max
j

|vj |
�
.

Another equivalent notion of input-to-state stability is given
in [32] as follows.

Definition 2: If there exist a continuous function V : R 	
R�0 , K�-functions �1 , �2 , �3 , and a K-function � such that

�1(|s|) � V (s) � �2(|s|) �s � R

V (�Gj (j)) � V (�Gj (j � 1)) � ��3(|�Gj (j � 1)|) + �(|vj |)

��Gj (j � 1) � R, �vj � R, then the estimation algorithm,
from {vj } to {�Gj (j)}, is stable.

The stability of estimation algorithm (33), (34) for a particular
case of � = �1 is already known from our previous works; see,
e.g., [3]. These results can be easily generalized for any � � �1
as in Theorem 3.

Theorem 3: The estimation algorithm (33), (34), from dis-
turbances {vj } to errors {�Gj (j)}, is stable in the sense of
De�nition 2.

Proof: De�ne a function V (s) = s2 . It can be seen from
Appendix III that

V (�Gj (j)) � V (�Gj (j � 1))

�
GT (x(j), �j )PjG(x(j), �j )

1 + GT (x(j), �j )PjG(x(j), �j )
�
�|�Gj (j � 1)|2 + |vj |2

�
.

(38)

De�ne a constant

� = min
j

GT (x(j), �j )PjG(x(j), �j )
1 + GT (x(j), �j )PjG(x(j), �j )

, 0 < � < 1.

Now, it is possible to write

V (�Gj (j)) � V (�Gj (j � 1)) � ��|�Gj (j � 1)|2 + |vj |2 .

If we de�ne K�-functions �1(s) = |s| min(1, |s|), �2(s) =
s2 + |s|, �3(s) = �s2 , and a K-function �(s) = s2 , then

�1(|s|) � V (s) � �2(|s|)

V (�Gj (j)) � V (�Gj (j � 1)) � ��3(|�Gj (j � 1)|) + �(|vj |)

and thus by De�nition 2, the stability result is proved. �

B. Robustness

The robustness issues of cases �1 � � < 0 and � > 0 will be
addressed separately. We are concerned with the calculation of
an upper bound on the value of energy gain from disturbances
to errors. Our approach is motivated by the analysis presented
in [33], where such bounds for least-squares estimators have
been obtained.

Theorem 4: The estimation of fuzzy model parameters, using
(33) and (34) for

0 < � �
u � 1
u + 1

, where u > 1 is any scalar

achieves an upper bound on the value of energy gain from distur-
bances {vj } to errors {�Gj (j)}, such that for all (��, {vj }k

j=0)

k

j=0 |�Gj (j)|2

µ�1����2 +

k

j=0 |vj |2
< (1 + u)2 . (39)

Proof: Consider a quadratic form
D(��, {x(j), y(j)}k

j=0 , {�j , �j }k
j=0 , �)
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= µ�1����2 +
k�

j=0

|y(j) � GT (x(j), �j )��|2

+ �
k�

j=0

|GT (x(j), �j )�� � GT (x(j), �j )�j |2 .

If we choose parameters {�j , �j }k
j=0 according to (33) and (34),

then it can be seen using Lemma 1, as in Theorem 1, that

min
��

D(��, {x(j), y(j)}k
j=0 , {�j , �j }k

j=0 , �)

=
k�

j=0

[y(j) � GT (x(j), �j )�j�1 ]2

1 + GT (x(j), �j )PjG(x(j), �j )
.

Thus, for all (��, {x(j), y(j)}k
j=0)

k�

j=0

[y(j) � GT (x(j), �j )�j�1 ]2

1 + GT (x(j), �j )PjG(x(j), �j )

� µ�1����2 +
k�

j=0

|y(j) � GT (x(j), �j )��|2

+ �
k�

j=0

|GT (x(j), �j )�� � GT (x(j), �j )�j |2 .

Substituting y(j) from (36), we have

µ�1����2 +
k�

j=0

|vj |2 + �
k�

j=0

|�Gj (j)|
2

�
k�

j=0

[�Gj (j � 1) + vj ]2

1 + GT (x(j), �j )PjG(x(j), �j )
. (40)

At this end, consider that u > 0, and thus

[�Gj (j � 1) + vj ]2 �
u

1 + u
|�Gj (j � 1)|2 � u|vj |2 . (41)

The inequality (41) can be veri�ed by simply subtracting RHS
from the left-hand side (LHS). Using (40) and (41), we have

µ�1����2 +
k�

j=0

|vj |2 + �
k�

j=0

|�Gj (j)|
2

�
u

1 + u

k�

j=0

|�Gj (j � 1)|2

1 + GT (x(j), �j )PjG(x(j), �j )

�u
k�

j=0

|vj |2

1 + GT (x(j), �j )PjG(x(j), �j )
.

It follows directly from (38) that

|�Gj (j � 1)|2

1 + GT (x(j), �j )PjG(x(j), �j )

� |�Gj (j)|
2 �

GT (x(j), �j )PjG(x(j), �j )
1 + GT (x(j), �j )PjG(x(j), �j )

|vj |2 .

This results in

µ�1����2 +
k�

j=0

|vj |2 + �
k�

j=0

|�Gj (j)|
2

�
u

1 + u

k�

j=0

|�Gj (j)|
2

�u
k�

j=0

�
1 + u + GT (x(j), �j )PjG(x(j), �j )

�
|vj |2

(1 + u) [1 + GT (x(j), �j )PjG(x(j), �j )]
.

The fact that
�
1 + u + GT (x(j), �j )PjG(x(j), �j )

�

(1 + u) [1 + GT (x(j), �j )PjG(x(j), �j )]
< 1

leads to

µ�1����2+
k�

j=0

|vj |2 + �
k�

j=0

|�Gj (j)|
2

>
u

1 + u

k�

j=0

|�Gj (j)|
2 � u

k�

j=0

|vj |2 .

That is,

µ�1����2 +
k�

j=0

|vj |2

>
�

u
1 + u

� �
� k�

j=0

|�Gj (j)|
2 � u

k�

j=0

|vj |2 .

Since the value of � is bounded by (u � 1)/(u + 1), therefore

µ�1����2 +
k�

j=0

|vj |2 >
1

1 + u

k�

j=0

|�Gj (j)|
2 � u

k�

j=0

|vj |2

and thus

(1 + u)µ�1����2+
k�

j=0

|vj |2>

k

j=0 |�Gj (j)|2

1 + u
� u

k�

j=0

|vj |2 .

By rearranging the terms, we get result (39). �
The case of �1 � � < 0 has a close connection with the H�-

optimality criterion [29], [34], [35]. The algorithm (33), (34),
for some �1 � � < 0, is H�-optimal (with a level of �h ) such
that � = ���2

h [29], [35]. A formal statement of the result has
been given in Theorem 5.

Theorem 5: The estimation of fuzzy model parameters, using
(33) and (34), for

� = ���2
h , where �h � 1 is any scalar

achieves an upper bound on the value of energy gain from distur-
bances {vj } to errors {�Gj (j)}, such that for all (��, {vj }k

j=0)


k
j=0 |�Gj (j)|2

µ�1����2 +

k

j=0 |vj |2
� �2

h . (42)
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Proof: It can be seen from (40) that

µ�1����2 +
k�

j=0

|vj |2 + �
k�

j=0

|�Gj (j)|
2 � 0.

Substituting � = ���2
h leads to (42). �

Theorems 4 and 5 provide an upper bound on the ratio of
errors energy to the disturbances energy. Theorems 4 and 5
indicate that as � moves from �1 toward 1, the robustness
of estimation decreases (since the upper bound goes higher).
Theorem 4 further suggests that � should be chosen to be less
than 1 in order to ensure an upper bound on the value of energy
gain from disturbances to the errors.

C. Steady-State Analysis

In this section, our concern is to provide information about
mean-square error, once the estimation algorithm reaches steady
state. In particular, our aim is to determine

S = lim
k	�

E|�Gk (k � 1)|2 .

To do so, we make commonly used assumptions [36], [37].
A2: The zero-mean sequence {vj } is independent, identically

distributed, and statistically independent of the sequence
{G(x(j), �j )}.

A3: The random variables �Gj (j � 1) and
[GT (x(j), �j )PjG(x(j), �j )] are asymptotically in-
dependent, i.e., as j 	 �

E
�
g1(�Gj (j � 1))g2(GT (x(j), �j )PjG(x(j), �j ))

�

=E
�
g1(�Gj (j�1))

�
E
�
g2(GT (x(j), �j )PjG(x(j), �j ))

�

where g1(•) and g2(•) are the functions of random variable.
Our derivation procedure is same as that of [4]; however, it is

more generalized, since estimation algorithm of [4] is a special
case of (33), (34) with � = �1 (i.e., Pj = µI). Introduce the
notation

fj =
y(j) � GT (x(j), �j )�j�1

1 + GT (x(j), �j )PjG(x(j), �j )
�2

v = E[|vj |2 ].

We can rewrite (34) as

�j = �j�1 + PjG(x(j), �j )fj

and thus

��j = ��j�1 � PjG(x(j), �j )fj .

That is,

�Gj (j) = �Gj (j � 1) � GT (x(j), �j )PjG(x(j), �j )fj . (43)

It can be seen that

��j = ��j�1 �
PjG(x(j), �j )[�Gj (j � 1) � �Gj (j)]

GT (x(j), �j )PjG(x(j), �j )

and thus

��T
j P �1

j ��j = ��T
j�1P

�1
j ��j�1 +

|�Gj (j)|2

GT (x(j), �j )PjG(x(j), �j )

�
|�Gj (j � 1)|2

GT (x(j), �j )PjG(x(j), �j )
.

Substituting �Gj (j) from (43), we have

��T
j P �1

j ��j = ��T
j�1P

�1
j ��j�1 + GT (x(j), �j )PjG(x(j), �j )f 2

j

�2�Gj (j � 1)fj .

Taking expectation on both sides, we get

E[��T
j P �1

j ��j ] = E[��T
j�1P

�1
j ��j�1 ]

+E[GT (x(j), �j )PjG(x(j), �j )f 2
j ]

� 2E[�Gj (j � 1)fj ]. (44)

Since the estimation algorithm is stable, it should attain a steady
state where it holds that

E[��T
k P �1

k ��k ] = E[��T
k�1P

�1
k ��k�1 ].

In steady state, (44) becomes

E[�Gk (k � 1)fk ] =
1
2
E[GT (x(k), �k )PkG(x(k), �k )f 2

k ].
(45)

Consider the LHS of (45) under assumption A2

E[�Gk (k � 1)fk ]

= E
�
�Gk (k � 1)

y(k) � GT (x(k), �k )�k�1

1 + GT (x(k), �k )PkG(x(k), �k )

�

= E
�
�Gk (k � 1)

�Gk (k � 1) + vk

1 + GT (x(k), �k )PkG(x(k), �k )

�

= E
�

|�Gk (k � 1)|2

1 + GT (x(k), �k )PkG(x(k), �k )

�
. (46)

Consider the RHS of (45) under assumption A2

E[GT (x(k), �k )PkG(x(k), �k )f 2
k ]

= E

�
GT (x(k), �k )PkG(x(k), �k )|�Gk (k � 1) + vk |2

(1 + GT (x(k), �k )PkG(x(k), �k ))2

�

= E

�
GT (x(k), �k )PkG(x(k), �k )|�Gk (k � 1)|2

(1 + GT (x(k), �k )PkG(x(k), �k ))2

�

+E

�
GT (x(k), �k )PjG(x(k), �k )

(1 + GT (x(k), �k )PkG(x(k), �k ))2

�

�2
v .

Now, using assumption A3, we have

E[GT (x(k), �k )PkG(x(k), �k )f 2
k ]

= (S + �2
v )E

�
GT (x(k), �k )PkG(x(k), �k )

(1 + GT (x(k), �k )PkG(x(k), �k ))2

�

.

(47)

Using (46) and (47) in (45) leads to (*), shown at the bottom of
the next page.

We call upon approximation (**), shown at the bottom of the
next page, so that

S+�2
v =2E

�
|�Gk (k � 1)|2

1 + GT (x(k), �k )PkG(x(k), �k )
GT (x(k), �k )PkG(x(k), �k )

�
.
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Fig. 1 Performance of fuzzy �ltering algorithms taking µ = µ� = 1.

Fig. 2 Shape of identi�ed membership functions.

Again, using assumption A3 leads to

S + �2
v = 2S

�
1 + E

�
1

GT (x(k), �k )PkG(x(k), �k )

��

TABLE II
IDENTIFIED RULE BASE

and thus

S =
�2

v

1 + 2E
�
1/{GT (x(k), �k )PkG(x(k), �k )}

� . (48)

VI. SIMULATION STUDIES

We demonstrate through an example that the derived algo-
rithms can provide a better �ltering performance than the widely
used �ad hoc� gradient-descent algorithm for the estimation of
fuzzy model parameters. For a fair comparison, following two
modi�cations in the standard gradient-descent estimation must
be employed.

1) The antecedent parameters of the fuzzy model should be
estimated with the learning rate µ� , while the consequent
parameters with the learning rate µ. Introducing the no-
tation �j =

�
�T

j �T
j
�T , the gradient-descent update takes

the form

�j = �j�1 �
�

µ� 0
0 µ

��
	Er(�, j)

	�

�

� j �1

Er(�, j) =
1
2
[y(j) � GT (x(j), �)�]2 .

S + �2
v = 2

E
�
{|�Gk (k � 1)|2}/{1 + GT (x(k), �k )PkG(x(k), �k )}

�

E
�
{GT (x(k), �k )PkG(x(k), �k )}/{(1 + GT (x(k), �k )PkG(x(k), �k ))2}

� . (*)

E
�
|�Gk (k � 1)|2/{1 + GT (x(k), �k )PkG(x(k), �k )}

�

E
�
GT (x(k), �k )PkG(x(k), �k )/{

�
1 + GT (x(k), �k )PkG(x(k), �k )

�2}
�


 E

�
|�Gk (k � 1)|2/{1 + GT (x(k), �k )PkG(x(k), �k )}

GT (x(k), �k )PkG(x(k), �k )/{(1 + GT (x(k), �k )PkG(x(k), �k ))2}

�

(**)

Authorized licensed use limited to: Universitaetsbibl Rostock. Downloaded on February 19, 2009 at 04:33 from IEEE Xplore.  Restrictions apply.



160 IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 17, NO. 1, FEBRUARY 2009

Fig. 3 Fuzzy approximation of a nonlinear function. (a) Surface plot of the function f (x1 , x2 ). (b) Surface plot of the identi�ed fuzzy �lter.

2) During parameters estimation, the knots (i.e., elements
of vector �) may attempt to come close (or even cross)
one another, thus leading to a loss of interpretability and
estimation performance. Thus, for a better performance
of gradient-descent, the knots must be prevented from
crossing one another by modifying the estimation scheme
as

�j =

�
��

� 

�j�1 �
�µ� 0

0 µ

��
	Er(�, j)

	�

�

� j �1

, c�j � h

�j�1 , otherwise.

The applicability of derived algorithms is shown by consider-
ing the problem of �ltering noise 
yj from the measured value
y(j) generated as

y(j) = f(x1(j), x2(j))+
yj , f(x1 , x2)=
sin(5x1) sin(5x2)

25x1x2
.

Here, x1(j), x2(j) takes random values from a uniform distribu-
tion on [�1, 1] and 
yj is a random noise chosen from a uniform
distribution on the interval [�0.1, 0.1]. We consider, for the �l-
tering purpose, a Sugeno fuzzy model that de�nes four differ-
ent �1-D clustering-criterion-based membership functions� (see
Appendix I for details) on each of the two inputs.

Remark 2: The chosen clustering-based shape of mem-
bership functions is just an example and does not re�ect
authors� preference over other shapes like triangular, trape-
zoidal, etc. The theory presented in this text is general to
cover any type of membership functions constructed from knot
vector �.

The initial guess about membership functions is taken by
spacing the elements of knot vector � uniformly on the input
range (i.e., [�1, 1]), and (c, h) are chosen in a way that two knots
must be separated at least by a distance of 0.01. The �ltering
error is de�ned as

ef (j) = f(x1(j), x2(j)) � GT ([x1(j) x2(j)]T , �j )�j .

Fig. 4 Theoretically calculated values of S using (49) and the observed values
of S .

The energy of �ltering errors, assessed as

500

j=0 |ef (j)|2 , is
taken as the performance measure. The algorithm of Lemma 2
was employed for different values of � using a Gauss�Newton-
like algorithm, whose details are available in Appendix IV.
Fig. 1 shows the performance of various fuzzy �ltering algo-
rithms at learning rates µ = µ� = 1. For the best �ltering per-
formance of the gradient-descent-based estimation algorithm,
the learning rates were manually tuned as µ = µ� = 0.4. As
seen from Fig. 1, the �ltering algorithms performed better than
the gradient-descent even in the case that the learning rates
for gradient-descent algorithm were manually tuned. As an il-
lustration, for the case � = �0.6, the shape of the identi�ed
membership functions is shown in Fig. 2 and the rule base in
Table II. Fig. 3 shows the surface plots of the true function and
the identi�ed fuzzy �lter.
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