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Adaptive Fuzzy Filtering in a Deterministic Setting
Mohit Kumar, Member, IEEE, Norbert Stoll, and Regina Stoll

Abstract�Many real-world applications involve the �ltering and
estimation of process variables. This study considers the use of in-
terpretable Sugeno-type fuzzy models for adaptive �ltering. Our
aim in this study is to provide different adaptive fuzzy �ltering
algorithms in a deterministic setting. The algorithms are derived
and studied in a uni�ed way without making any assumptions on
the nature of signals (i.e., process variables). The study extends,
in a common framework, the adaptive �ltering algorithms (usu-
ally studied in signal processing literature) and p-norm algorithms
(usually studied in machine learning literature) to semilinear fuzzy
models. A mathematical framework is provided that allows the
development and an analysis of the adaptive fuzzy �ltering algo-
rithms. We study a class of nonlinear LMS-like algorithms for the
online estimation of fuzzy model parameters. A generalization of
the algorithms to the p-norm is provided using Bregman diver-
gences (a standard tool for online machine learning algorithms).

Index Terms�Adaptive �ltering algorithms, Bregman diver-
gences, p-norm, robustness, Sugeno fuzzy models.

I. INTRODUCTION

AREAL-WORLD complex process is typically character-
ized by a number of variables whose interrelations are

uncertain and not completely known. Our concern is to ap-
ply, in an online scenario, the fuzzy techniques for such pro-
cesses aiming at the filtering of uncertainties and the estimation
of variables. The adaptive filtering algorithms applications are
not only limited to the engineering problems but also, e.g., to
medicinal chemistry, where it is required to predict the biologi-
cal activity of a chemical compound before its synthesis in the
laboratory [1]. Once a compound is synthesized and tested ex-
perimentally for its activity, the experimental data can be used
for an improvement of the prediction performance (i.e., online
learning of the adaptive system). Adaptive filtering of uncer-
tainties may be desired, e.g., for an intelligent interpretation of
medical data that are contaminated by the uncertainties arising
from the individual variations due to a difference in age, gender,
and body conditions [2].

We focus on a process model with n inputs (represented by
the vector x � Rn ) and a single output (represented by the scalar
y). Adaptive filtering algorithms seek to identify the unknown
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TABLE I
EXAMPLES OF �(e) FROM [6]–[8]

parameters of a model (being characterized by a vector w�)
using input–output data pairs {x(j), y(j)} related via

y(j) = M(x(j), w�) + nj

where M(x(j), w�) is the model output for an input x(j), and nj
is the underlying uncertainty. If the chosen model M is nonlinear
in parameter vector w� (as is the case with neural and fuzzy mod-
els), the standard gradient-descent algorithm is mostly used for
an online estimation of w� via performing following recursions:

wj = wj�1 � µ
�

�Er(w, j)
�w

�

wj �1

Er(w, j) =
1
2
[y(j) � M(x(j), w)]2 (1)

where µ is the step size (i.e., learning rate).
If we relax our model to be linear in w� i.e., input–output data

are related via

y(j) = GT
j w� + nj , where Gj is the regressor vector

then a variety of algorithms are available in the literature for an
adaptive estimation of linear parameters [3]. The most popular
algorithm is the LMS because of its simplicity and robustness
[4], [5]. Many LMS-like algorithms have been studied for linear
models [3], [4] while addressing the robustness, convergence,
and steady-state error issues. A particular class of algorithms
takes the update form as

wj = wj�1 � µ�(GT
j wj�1 � y(j))Gj

where � is a nonlinear scalar function such that different choices
of the functional form lead to the different algorithms, as stated
in Table I. The generalization of LMS algorithm to p-norm
(2 � p < �) is given by the update rule [9], [10]:

wj = f�1(f(wj�1) � µ[GT
j wj�1 � y(j)]Gj ). (2)

Here, f (a p indexing for f is understood), as defined in [10], is
the bijective mapping f : RK � RK such that

f = [f1 • • • fK ]T , fi(w) =
sign(wi)|wi |q�1

�w�q�2
q

(3)

where w = [w1 • • • wK ]T � RK , q is dual to p (i.e., 1/p +
1/q = 1), and � • �q denotes the q-norm defined as

�w�q =
��

i

|wi |q
�1/q

.
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The inverse f�1 : RK � RK is given as

f�1 =
�
f�1

1 • • • f�1
K
�T , f�1

i (v) =
sign(vi)|vi |p�1

�v�p�2
p

(4)

where v = [v1 • • • vK ]T � RK .
Sugeno-type fuzzy models are linear in consequents and non-

linear in antecedents (i.e., membership functions parameters).
When it comes to the online estimation of fuzzy model param-
eters, the following two approaches, in general, are used.

1) The antecedent parameters are adapted using gradients-
descent and the consequent parameters by the recursive
least-squares algorithm [11], [12].

2) A combination of data clustering and recursive least-
squares algorithm is applied [13], [14].

The wide use of gradient-descent algorithm for adaptation of
nonlinear fuzzy model parameters (e.g., in [15]) is due to its sim-
plicity and low computational cost. However, gradient-descent-
based algorithms for nonlinear systems are not justified by rig-
orous theoretical arguments [16]. Only a few papers dealing
with the mathematical analysis of the adaptive fuzzy algorithms
have appeared till now. The issue of algorithm stability has been
addressed in [17]. The authors in [18] introduce an “energy gain
bounding approach” for the estimation of parameters via min-
imizing the maximum possible value of energy gain from dis-
turbances to the estimation errors along the line of H�-optimal
estimation. The algorithms for the adaptive estimation of fuzzy
model parameters based on least-squares and H�-optimization
criteria are provided in [19].

To the knowledge of the authors, the fuzzy literature still
lacks

1) the development and deterministic mathematical analysis
(in terms of filtering performance) of the methods that
extend the Table I type algorithms (i.e., LMF, LMMN,
sign error, etc.) to the interpretable fuzzy models;

2) the generalization of the algorithms with error nonlinear-
ities (i.e., Table I type algorithms) to the p-norms that are
missing, even for linear in parameters models;

3) the development and deterministic mathematical analysis
(in terms of filtering performance) of the p-norm algo-
rithms [e.g., of type (2)] for an adaptive estimation of the
parameters of an interpretable fuzzy model.

This paper is intended to provide the aforementioned studies
in a unified manner. This is done via solving a constrained
regularized nonlinear optimization problem in Section II.
Section III provides the deterministic analysis of the algorithms
with emphasis on filtering errors. Simulation studies are pro-
vided in Section IV followed by some remarks and, finally, the
conclusion.

II. ADAPTIVE FUZZY ALGORITHMS

Sugeno-type fuzzy models are characterized by two types of
parameters: consequents and antecedents. If we characterize the
antecedents using a vector � and consequents using a vector
�, then the output of a zero-order Takagi–Sugeno fuzzy model

could be characterized as

Fs(x) = GT (x, �)�, c� � h (5)

where G(•) is a nonlinear function (which is defined by the shape
of membership functions), and c� � h is a matrix inequality to
characterize the interpretability of the model. The details of
(5) can be found in, e.g., [19] as well as in the Appendix. A
straightforward approach to the design of an adaptive fuzzy fil-
ter algorithm is to update, at time time j, the model parameters
(�j�1 , �j�1) based on current data pair (x(j), y(j)), where we
seek to decrease the loss term |y(j) � GT (x(j), �j )�j |2 ; how-
ever, we do not want to make big changes in initial parameters
(�j�1 , �j�1). That is

(�j , �j ) = arg min
(�,�,c��h)

�
1
2

|y(j) � GT (x(j), �)�|2

+
µ�1

j

2
�� � �j�1�2 +

µ�1
�,j

2
�� � �j�1�2

�

(6)

where µj > 0, µ�,j > 0 are the learning rates for antecedents
and consequents, respectively, and � • � denotes the Euclidean
norm (i.e., we write the 2-norm of a vector instead of � • �2 as
� • �). The terms �� � �j�1�2 and �� � �j�1�2 provide regular-
ization to the adaptive estimation problem. To study the different
adaptive algorithms in a unified framework, the following gen-
eralizations can be provided to the loss as well as regularization
term.

1) The loss term is generalized using a function Lj (�, �).
Some examples of Lj (�, �) include

Lj (�, �) =

�
							


							�

|y(j) � GT (x(j), �)�|
1
2 |y(j) � GT (x(j), �)�|2
1
4 |y(j) � GT (x(j), �)�|4
a
2 |y(j) � GT (x(j), �)�|2

+ b
4 |y(j) � GT (x(j), �)�|4 .

(7)

2) The regularization terms are generalized using Bregman
divergences [9], [20]. The Bregman divergence dF (u,w)
[21], which is associated with a strictly convex twice dif-
ferentiable function F from a subset of RK to R, is defined
for u,w � RK , as follows:

dF (u,w) = F (u) � F (w) � (u � w)T f(w)

where f = �F denotes the gradient of F . Note that
dF (u,w) � 0, which is equal to zero only for u = w and
strictly convex in u. Some of the examples of Bregman
divergences are as follows.

a) Bregman divergence associated to the squared
q-norm: If we define F (w) = (1/2)�w�2

q , then the
corresponding Bregman divergence dq (u,w) is de-
fined as

dq (u,w) =
1
2

�u�2
q �

1
2

�w�2
q � (u � w)T f(w)

where f is given by (3). It is easy to see that for
q = 2, we have d2(u,w) = (1/2)�u � w�2 .
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b) Relative entropy: For a vector w = [w1 • • • wK ] �
RK (with wi � 0), if we define F (w) =�K

i=1(wi lnwi � wi), then the Bregman diver-
gence is the unnormalized relative entropy:

dRE(u,w) =
K�

i=1

�
ui ln

ui

wi
� ui + wi

�
.

Bregman divergences have been widely studied in learning
and information theory (see, e.g., [22]–[28]). However, our
idea is to replace the regularization terms (µ�1

j /2)�� �
�j�1�2 and (µ�1

�,j /2)�� � �j�1�2 in (6) by the generalized
terms µ�1

j dF (�, �j�1) and µ�1
�,j dF (�, �j�1), respectively.

This approach, in the context of linear models, was intro-
duced for deriving predictive algorithms in [29] and filter-
ing algorithms in [9]. It is obvious that different choices
of function F result in the different filtering algorithms.
Our particular concern in this text is to provide a p-norm
generalization to the filtering algorithms. For the p-norm
(2 � p < �) generalization of the algorithms, we con-
sider the Bregman divergence associated to the squared
q-norm [i.e., F (w) = (1/2)�w�2

q ], where q is dual to p
(i.e., 1/p + 1/q = 1).

In view of these generalizations, the adaptive fuzzy algo-
rithms take the form

(�j , �j ) = arg min
(�,�,c��h)

[Lj (�, �)

+ µ�1
j dq (�, �j�1) + µ�1

�,j dq (�, �j�1)]. (8)

For a particular choice Lj (�, �) = (1/2)|y(j) � GT (x(j),
�)�|2 and q = 2, problem (8) reduces to (6). For a given value
of �, we define


�(�) = arg min
�

Ej (�, �)

Ej (�, �) = Lj (�, �) + µ�1
j dq (�, �j�1)

so that the estimation problem (8) can be formulated as

�j = arg min
�

[Ej (
�(�), �) + µ�1
�,j dq (�, �j�1), c� � h] (9)

�j = 
�(�j ). (10)

Expressions (9) and (10) represent a generalized update rule for
adaptive fuzzy filtering algorithms that can be particularized for
a choice of Lj (�, �) and q. For any choice of Lj (�, �) listed in
(7), Ej (�, �) is convex in � and, thus, could be minimized w.r.t.
� by setting its gradient equal to zero. This results in

µ�1
j f(�) � µ�1

j f(�j�1)

� �
�
y(j) � GT (x(j), �)�

�
G(x(j), �) = 0 (11)

where function � is given as

�(e) =

�
			


			�

sign(e), for sign error
e, for LMS
e3 , for LMF
ae + be3 , for LMMN.

(12)

The minimizing solution 
� must satisfy (11). Thus


� = f�1 (f(�j�1)

+µj�
�
y(j) � GT (x(j), �)
�

�
G(x(j), �)

�
. (13)

For a given �, (13) is implicit in 
� and could be solved nu-
merically. It follows from (13) that for a sufficient small value
of µj , it is reasonable to approximate the term GT (x(j), �)
�
on the right-hand side of (13) with the term GT (x(j), �)�j�1 ,
as has been done in [9] to obtain the explicit update. Thus, an
approximate but in closed form, the solution of (13) is given as


�(�) = f�1 (f(�j�1)

+µj�
�
y(j) � GT (x(j), �)�j�1

�
G(x(j), �)

�
. (14)

Here, 
�(�) has been written to indicate the dependence
of the solution on �. Since dq (�, �j�1) = (1/2)���2

q �
(1/2)��j�1�2

q � (� � �j�1)T f(�j�1), (9) is equivalent to

�j = arg min
�

�
Ej (
�(�), �)

+
µ�1

�,j

2
���2

q � µ�1
�,j �

T f(�j�1), c� � h
�

(15)

as the remaining terms are independent of �. There is no harm
in adding a �-independent term in (15):

�j = arg min
�

�

Ej (
�(�), �) +
µ�1

�,j

2
���2

q

� µ�1
�,j �

T f(�j�1) +
µ�1

�,j

2
�f(�j�1)�2 , c� � h

�

. (16)

For any 2 � p < �, we have 1 < q � 2, and thus, ���q � ���.
This makes

µ�1
�,j

2
���2

q � µ�1
�,j �

T f(�j�1) +
µ�1

�,j

2
�f(�j�1)�2 (17)

�
µ�1

�,j

2
[���2 � 2�T f(�j�1) + �f(�j�1)�2 ]

=
µ�1

�,j

2
�� � f(�j�1)�2 . (18)

Solving the constrained nonlinear optimization problem (16),
as we will see, becomes relatively easy by slightly modifying
(decreasing) the level of regularization being provided in the
estimation of �j . The expression (17), i.e., last three terms of
optimization problem (16), accounts for the regularization in
the estimation of �j . For a given value of µ�,j , a decrease in the
level of regularization would occur via replacing the expression
(17) in the optimization problem (16) by expression (18):

�j = arg min
�

�
Ej (
�(�), �) +

µ�1
�,j

2
�� � f(�j�1)�2 , c� � h

�
.

(19)

For a viewpoint of an adaptive estimation of vector �, noth-
ing goes against considering (19) instead of (16), since any
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desired level of regularization could be still achieved via adjust-
ing in (19) the value of free parameter µ�,j . The motivation of
considering (19) is derived from the fact that it is possible to
reformulate the estimation problem as a least-squares problem.
To do so, define a vector

r(�) =
� �

Ej (
�(�), �)
(µ�1

�,j /2)1/2(� � f(�j�1))

�

where Ej (
�(�), �) � 0, and µ�,j > 0. Now, it is possible to
rewrite (19) as

�j = arg min
�

[�r(�)�2 , c� � h]. (20)

To compute �j recursively based on (20), we suggest following
Gauss–Newton like algorithm:

�j = �j�1 + s�(�j�1) (21)

s�(�) = arg min
s

�
�r(�) + r	(�)s�2 , cs � h � c�

�
(22)

where r	(�) is the Jacobian matrix of vector r w.r.t. � computed
by the method of finite differences. Fortunately, r	(�) is a full-
rank matrix, since µ�,j > 0. The constrained linear least-squares
problem (22) can be solved by transforming it first to a least
distance programming (see [30] for details). Finally, (10) in
view of (14) becomes
�j = f�1 (f(�j�1)

+µj�
�
y(j) � GT (x(j), �j )�j�1

�
G(x(j), �j )

�
. (23)

III. DETERMINISTIC ANALYSIS

We provide in this section a deterministic analysis of adap-
tive fuzzy filtering algorithms (21)–(23) in terms of filtering
performance. For this, consider a fuzzy model that fits given
input–output data {x(j), y(j)}k

j=0 according to

y(j) = GT (x(j), �j )�� + vj (24)

where �� is some true parameter vector (that is to be estimated),
�j is given by (21), and vj accommodates any disturbance due
to measurement noise, modeling errors, mismatch between �j
and global minima of (20), and so on. We are interested in
the analysis of estimating �� using (23) in the presence of a
disturbance signal vj . That is, we take �j as an estimate of ��

at the jth time instant and try to calculate an upper bound on the
filtering errors. In filtering setting, it is desired to estimate the
quantity GT (x(j), �j )�� using an adaptive model. The �j�1 is
a priori estimate of �� at the jth time index, and thus, a priori
filtering error can be expressed as

ef,j = GT (x(j), �j )�� � GT (x(j), �j )�j�1 .

One would normally expect |GT (x(j), �j )�� � GT (x(j),
�j )�j�1 |2 to be the performance measure of an algorithm. How-
ever, the squared error as a performance measure does not seem
to be suitable for a uniform analysis of all the algorithms. We
introduce a generalized performance measure P�(y, fly) that is
defined for scalars y and fly as

P�(y, fly) =
� fly

y
(�(r) � �(y))dr (25)

Fig. 1. Value P� (a, b) is equal to the area of the shaded region.

where � is a continuous strictly increasing function with �(0) =
0. It can be easily seen that for �(e) = e, we have normal squared
error i.e., P�(y, fly) = (y � fly)2/2. A different but integral-based
loss function, called matching loss for a continuous, increasing
transfer function �, was considered in [31] and [32] for a single
neuron model. The matching loss for � was defined in [32] as

M�(y, fly) =
� ��1(fly)

��1(y)
(�(r) � y)dr.

If we let �(r) =
�

�(r)dr, then

P�(y, fly) = �(fly) � �(y) � (fly � y)�(y). (26)

Note that in definition (25), the continuous function � is not an
arbitrary function but its integral �(r) =

�
�(r)dr must be a

strictly convex function. The strictly increasing nature of �(r)
[i.e., strict convexity of �(r)] enables us to assess the mismatch
between y and fly using P�(y, fly). Fig. 1 illustrates the physical
meaning of P�(a, b). The value P�(a, b) is equal to the area of
the shaded region in the figure. One could infer from Fig. 1 that
a mismatch between a and b could be assessed via calculating
the area of the shaded region [i.e., P�(a, b)] provided the given
function � is strictly increasing. Usually, P� is not symmetric,
i.e., P�(y, fly) 
= P�(fly, y). One of such types of performance
measures [i.e., M�(y, fly)] was considered previously in [22].

In our analysis, we assess the instantaneous filter-
ing error [i.e., the mismatch between GT (x(j), �j )�j�1
and GT (x(j), �j )��] by calculating P�(GT (x(j), �j )�j�1 ,
GT (x(j), �j )��). For the case �(e) = e, we have
P�
�
GT (x(j), �j )�j�1 , GT (x(j), �j )��� = |ef,j |2/2. The

filtering performance of an algorithm, which is run from j = 0
to j = k, can be evaluated by calculating the sum

k�

j=0

P�
�
GT (x(j), �j )�j�1 , GT (x(j), �j )��� .

Similarly, the magnitudes of disturbances vj = y(j) �
GT (x(j), �j )��, j = 0, . . . , k will be assessed by calculating
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the mismatch between y(j) and GT (x(j), �j )�� as follows:

k�

j=0

P�
�
y(j), GT (x(j), �j )��� .

Finally, the robustness of an algorithm (i.e., sensitivity of filter-
ing errors toward disturbances) can be assessed by calculating
an upper bound on the ratio, e.g., (29). The term dq (��, ��1)
in the denominator of (29) assesses the disturbance due to a
mismatch between initial guess ��1 and the true vector ��.

Lemma 1: Let m be a scalar and Gj � RK such that �j =
f�1 (f(�j�1) + mGj ), and then

dq (�j�1 , �j ) �
m2

2
(p � 1)�Gj �2

p .

Proof : See [10, Lemma 4]. �
Lemma 2: If �j and �j�1 are related via (23), then

dq (��, �j�1) � dq (��, �j ) + dq (�j�1 , �j )

=µj�
�
y(j)�GT (x(j), �j )�j�1

�
(����j�1)T G(x(j), �j ).

Proof: The proof follows simply by using the definitions of
dq (��, �j�1), dq (��, �j ), and dq (�j�1 , �j ). �

In view of Lemma 1 and (23), we have

dq (�j�1 , �j ) � µ2
j

|�
�
y(j) � GT (x(j), �j )�j�1

�
|2

2
×(p � 1)�G(x(j), �j )�2

p . (27)

Theorem 1: The estimation algorithm (21)–(23) with � being
a continuous strictly increasing function and �(0) = 0, for any
2 � p < �, with a learning rate

0 < µj �
2P�

�
y(j), GT (x(j), �j )�j�1

�

den
(28)

where

den = �
�
y(j) � GT (x(j), �j )�j�1

�
(p � 1)

×[�(y(j)) � �(GT (x(j), �j )�j�1)]�G(x(j), �j )�2
p

achieves an upper bound on filtering errors such that
�k

j=0 µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

�k
j=0 µa

j P� (y(j), GT (x(j), �j )��) + dq (��, ��1)
� 1

(29)
where q is dual to p, and µa

j > 0 is given as

µa
j = µj

�
�
y(j) � GT (x(j), �j )�j�1

�

�(y(j)) � �(GT (x(j), �j )�j�1)
. (30)

Here, we assume that y(j) 
= GT (x(j), �j )�j�1 , since there
is no update of parameters (i.e., �j = �j�1) if y(j) =
GT (x(j), �j )�j�1 .

Proof: Define �j = dq (��, �j�1) � dq (��, �j ) and using
Lemma 2, we have

�j = µj�
�
y(j) � GT (x(j), �j )�j�1

�
(�� � �j�1)T G(x(j), �j )

� dq (�j�1 , �j ). (31)

Using (27), we have

�j � µj�
�
y(j)�GT (x(j), �j )�j�1

�
(����j�1)T G(x(j), �j )

�
p � 1

2
µ2

j |�
�
y(j) � GT (x(j), �j )�j�1

�
|2�G(x(j), �j )�2

p .

That is

�j �

µa
j [�(y(j)) � �(GT (x(j), �j )�j�1)](�� � �j�1)T G(x(j), �j )

�
p � 1

2
µj�

�
y(j) � GT (x(j), �j )�j�1

�
µa

j

×[�(y(j)) � �(GT (x(j), �j )�j�1)]�G(x(j), �j )�2
p .

Since µj satisfies (28), the previous inequality reduces to

�j �

µa
j [�(y(j)) � �(GT (x(j), �j )�j�1)](�� � �j�1)T G(x(j), �j )

� µa
j P�(y(j), GT (x(j), �j )�j�1). (32)

It can be verified using definition (26) that

[�(y(j)) � �(GT (x(j), �j )�j�1)](�� � �j�1)T G(x(j), �j )

= P�
�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

�P�(y(j), GT (x(j), �j )��)+P�(y(j), GT (x(j), �j )�j�1)

and thus, inequality (32) is further reduced to

�j � µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

�µa
j P�

�
y(j), GT (x(j), �j )��� .

In addition
k�

j=0

�j = dq (��, ��1) � dq (��, �k )

� dq (��, ��1), since dq (��, �k ) � 0

resulting in

dq (��, ��1) �
k�

j=0

µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

�
k�

j=0

µa
j P�

�
y(j), GT (x(j), �j )���

from which the inequality (29) follows. �
Following inferences could be immediately made from

Theorem 1.
1) For the special case �(e) = e and taking ��1 = 0, the

results of Theorem 1 are modified as follows:
�k

j=0 µj |(GT (x(j), �j )�j�1 � GT (x(j), �j )��|2
�k

j=0 µj |y(j) � GT (x(j), �j )��|2 + ����2
q

� 1

where

µj �
1

(p � 1)�G(x(j), �j )�2
p
.
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Choosing

µj =
1

(p � 1)U 2
p

, where Up � �G(x(j), �j )�p

we get
k�

j=0

|(GT (x(j), �j )�j�1 � GT (x(j), �j )��|2

�
k�

j=0

|y(j) � GT (x(j), �j )��|2 + (p � 1)U 2
p ����2

q

which is formally equivalent to [9, Th. 2]
2) Inequality (29) illustrates the robustness property in the

sense that if, for the given positive values {µa
j }k

j=0 , the
disturbances {vj }k

j=0 are small, i.e.,

k�

j=0

P�
�
y(j), GT (x(j), �j )���

is small, then the filtering errors
k�

j=0

P�
�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

remain small. The positive value µa
j represents a weight

given to the jth data pair in the summation.
3) If we define an upper bound on the disturbance signal as

vmax
� = max

j
P�
�
y(j), GT (x(j), �j )���

then it follows from (29) that
k�

j=0

µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

� (k + 1)µa
maxv

max
� + dq (��, ��1)

where µa
max = max

j
µa

j . That is

1
k + 1

k�

j=0

µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

� µa
maxv

max
� +

dq (��, ��1)
k + 1

. (33)

As dq (��, ��1) is finite, we have
1

k + 1

k�

j=0

µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

� µa
maxv

max
� , when k � �.

Inequality (33) shows the stability of the algorithm against
disturbance vj in the sense that if disturbance signal
P�
�
y(j), GT (x(j), �j )��� is bounded (i.e., vmax

� is fi-
nite), then the average value of filtering errors assessed
as

1
k + 1

k�

j=0

µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

remains bounded.

4) In the ideal case of zero disturbances (i.e., vj = 0), we
have P�

�
y(j), GT (x(j), �j )��� = 0, and

k�

j=0

µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )���

� dq (��, ��1).

Since dq (��, ��1) is finite and µa
j P�(GT (x(j), �j )

�j�1 , GT (x(j), �j )��) � 0, there must exist a sufficient
large index T such that
�

j�T

µa
j P�

�
GT (x(j), �j )�j�1 , GT (x(j), �j )��� = 0.

In other words

GT (x(j), �j )�j�1 = GT (x(j), �j )�� �j � T

since µa
j > 0. This shows the convergence of the algorithm

at time index T toward true parameters.
5) Theorem 1 cannot be applied for the case of �(e) =

sign(e), since � in this case is not a continuous strictly
increasing function. However, one could instead choose
�(e) = tanh(e) that has a shape similar to that of sign
function, and Theorem 1 still remains applicable. Note
that in this case, the loss term in (8) will be

Lj (�, �) = ln(cosh(y(j) � GT (x(j), �)�)).

Theorem 1 is an important result due to the generality of
function �, and thus, offers a possibility of studying, in a unified
framework, different fuzzy adaptive algorithms corresponding
to the different choices of continuous strictly increasing function
�. Table II provides a few examples of � (plotted in Fig. 2),
leading to the different p-norms algorithms listed in the table as
A1,p , A2,p , and so on.

IV. SIMULATION STUDIES

This section provides simulation studies to illustrate the
following.

1) Adaptive fuzzy filtering algorithms A1,p , A2,p , . . ., p � 2
perform better than the commonly used gradient-descent
algorithm.

2) For the estimation of linear parameters (keeping mem-
bership functions fixed), LMS is the standard algorithm
known for its simplicity and robustness. This study
provides a family of algorithms characterized by � and
p. It will be shown that the p-norm generalization of the
algorithms corresponding to the different choices of �
may achieve better performance than the standard LMS
algorithm.

3) We will show the robustness and convergence of the fil-
tering algorithms.

4) For a given value of p, the algorithms corresponding to
the different choices of � may prove being better than the
standard choice �(e) = e (i.e., squared error loss term).

A. First Example

Consider the problem of filtering noise from a chaotic
time series. The time series is generated by simulating the
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TABLE II
FEW EXAMPLES OF ADAPTIVE FUZZY FILTERING ALGORITHMS

Fig. 2. Different examples of function �.

Mackey–Glass differential delay equation
dx
dt

=
0.2x(t � 17)

1 + x10(t � 17)
� 0.1x(t)

y(t) = x(t) + n(t)

where x(0) = 1.2, x(t) = 0, for t < 0, and n(t) is a ran-
dom noise chosen from a uniform distribution on the in-
terval [�0.2, 0.2]. The aim is to filter the noise n(t) from
y(t) to estimate x(t) by using a set of past values i.e.,
[x(t � 24), x(t � 18), x(t � 12), x(t � 6)].

Assume that there exists an ideal fuzzy model characterized
by (��, ��) that models the relationship between input vec-
tor [x(t � 24) x(t � 18) x(t � 12) x(t � 6)]T and output x(t).
That is
x(t) = GT ([x(t � 24) x(t � 18) x(t � 12) x(t � 6)]T , ��)��

y(t) = GT ([x(t � 24) x(t � 18) x(t � 12) x(t � 6)]T , ��)��

+n(t).

The fourth-order Runge–Kutta method was used for the simula-
tion of time series, and 500 input–output data pairs, starting from
t = 124 to t = 623, were extracted for an adaptive estimation of
parameters (��, ��) using different algorithms. If (�t�1 , �t�1)
denotes the a priori estimation at time t, then filtering error of
an algorithm is defined as

ef,t = x(t) � �y(t)

where

�y(t)

= GT �[x(t�24) x(t � 18) x(t�12) x(t�6)]T , �t�1
�
�t�1 .

We consider a total of 30 different algorithms i.e., A1,p , . . . , A5,p
for p = 2, 2.2, 2.4, 2.6, 2.8, 3, running from t = 124 to t =
623, for the prediction of the desired value x(t). We choose,
for an example sake, the trapezoidal type of membership
functions (defined by 36) such that the number of mem-
bership functions assigned to each of the four inputs [i.e.,
x(t � 24), x(t � 18), x(t � 12), x(t � 6)] is equal to 3. The ini-
tial guess about model parameters was taken as

�123 =

�

�������

�

������

0
0.3
0.6
0.9
1.2
1.5

�

������

T �

������

0
0.3
0.6
0.9
1.2
1.5

�

������

T �

������

0
0.3
0.6
0.9
1.2
1.5

�

������

T �

������

0
0.3
0.6
0.9
1.2
1.5

�

������

T�

������ 

where �123 = [0]81×1 . The matrix c and vector h are chosen in
such a way that the two consecutive knots must remain separated
at least by a distance of 0.001 during the recursions of the
algorithms.

The gradient-descent algorithm (1), if intuitively applied to
the fuzzy model (5), needs following considerations.

1) The antecedent parameters of the fuzzy model should be
estimated with the learning rate µ� , while the consequent
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parameters with the learning rate µ. That is

�
�j
�j

�
=
�

�j�1
�j�1

�
�
�

µ� 0
0 µ

�
�

���

�
�Er(�, �, j)

��

�

�j �1 ,�j �1�
�Er(�, �, j)

��

�

�j �1 ,�j �1

�

���

Er(�, �, j) =
1
2
[y(j) � GT (x(j), �)�]2 .

Introducing the notation �j =
�
�T

j �T
j
�T , the gradient-

descent update takes the form

�j = �j�1 �
�

µ� 0
0 µ

��
�Er(�, j)

��

�

� j �1

.

Here, µ may or may not be equal to µ� . In general, µ�
should be lesser than µ to avoid any oscillations of the
estimated parameters.

2) During the gradient-descent estimation of membership
functions parameters, in the presence of disturbances, the
knots (elements of vector �) may attempt to come close (or
even cross) one another. That is, inequalities (38) and (39)
do not hold good and, thus, result in a loss of interpretabil-
ity and estimation performance. For a better performance
of gradient-descent, the knots must be prevented from
crossing one another by modifying the estimation scheme
as

�j =

�
	


	�

�j�1�
�

µ� 0
0 µ

��
�Er(�, j)

��

�

� j �1

, if c�j � h

�j�1 , otherwise.
(34)

Each of the aforementioned algorithms and gradient-descent
algorithm (34) is run at µ = µ� = 0.9. The filtering performance
of each algorithm is assessed via computing energy of the fil-
tering error signal ef,t . The energy of a signal is equal to the
squared L2-norm. The energy of filtering error signal ef,t , from
t = 124 to t = 623, is defined as

623�

t=124

|ef,t |2 .

A higher energy of filtering errors means the higher magnitudes
of filtering errors and, thus, a poor performance of the filtering
algorithm.

Fig. 3 compares the different algorithms by plotting their
filtering errors energies at different values of p. As seen
from Fig. 3, all the algorithms A1,p , . . . , A5,p for p =
2, 2.2, 2.4, 2.6, 2.8, 3 perform better than the gradient-
descent since graident-descent method is associated to a higher
energy of the filtering errors. As an illustration, Fig. 4 shows the
time plot of the absolute filtering error |ef,t | for gradient-descent
and the algorithm A4,p at p = 2.4.

Fig. 3. Filtering performance of different adaptive algorithms.

Fig. 4. Time plot of absolute filtering error |ef ,t | from t = 124 to t = 623
for gradient-descent and the algorithm A4 ,2 .4 .

B. Second Example

Now, we consider a linear fuzzy model (membership func-
tions being fixed)

y(j) = [µA 1 1 (x(j)) µA 2 1 (x(j)) µA 3 1 (x(j)) µA 4 1 (x(j)) ]��

+ vj

where �� = [ 0.25 �0.5 1 �0.3 ]T , x(j) takes random val-
ues from a uniform distribution on [�1, 1], vj is a random noise
chosen from a uniform distribution on the interval [�0.2, 0.2],
and the membership functions are defined by (37) taking
� = (�1, �0.3, 0.3, 1).

Algorithm (23) was employed to estimate �� for different
choices of � (listed in Table II) at p = 3 (as an example of p > 2).
The initial guess is taken as ��1 = 0. For comparison, the LMS
algorithm is also simulated. Note that the LMS algorithm is
just a particularization of (23) for p = 2 and �(e) = e. That is,
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Fig. 5. Comparison of algorithms (A1 ,3 , A2 ,3 , A3 ,3 , A4 ,3 , A5 ,3 ) with the
LMS.

A2,2 in Table II, in the context of linear estimation, is the LMS
algorithm. The performance of an algorithm was evaluated by
calculating the instantaneous a priori error in the estimation of
�� as ��� � �j�1�2 . The learning rate µj for each algorithm,
including LMS, is chosen according to (28) as follows:

µj

=
2P�

�
y(j), GT

j �j�1
�

�
�
y(j)�GT

j �j�1
�
[�(y(j))��(GT

j �j�1)](p�1)�Gj �2
p

where

Gj = [µA 1 1 (x(j)) µA 2 1 (x(j)) µA 3 1 (x(j)) µA 4 1 (x(j)) ]T .

For an assessment of the expected error values i.e., E[��� �
�j�1�2 ], 500 independent experiments have been performed.
The 500 independent time plots of values ��� � �j�1�2 have
been averaged to obtain the time plot of E[��� � �j�1�2 ],
shown in Fig. 5. The better performance of algorithms
(A1,3 , A2,3 , A3,3 , A4;3 , A5,3) than the LMS can be seen in
Fig. 5.

This example indicates that the p-norm generalization of the
algorithms makes a sense since A2,p algorithm for p = 3 (a
value of p > 2) proved being better than the p = 2 case (i.e.,
LMS).

C. Robustness and Convergence

To study the robustness properties of the algorithms, we inves-
tigate the sensitivity of the filtering errors toward disturbances.
To make this more precise, we plot the curve between distur-
bance energy and filtering errors energy and analyze the curve.
In the aforementioned example (i.e., second example), the en-
ergy of filtering errors will be defined as

Ef (j) =
j�

i=0

!!GT
i �� � GT

i �i�1
!!2

Fig. 6. Filtering errors energy as function of energy of disturbances. The
curves are averaged over 100 independent experiments.

and the total energy of disturbances as

Ed(j) =
j�

i=0

|vi |2 + ��� � ��1�2

where the term ��� � ��1�2 accounts for the disturbance
due to a mismatch between the initial guess and true
parameters. Fig. 6 shows the plot between the values
{Ed(j)}1000

j=0 and {Ef (j)}1000
j=0 for each of the algorithms

(A1,3 , A2,3 , A3,3 , A4,3 , A5,3). The curves for (A2,3 , A4,3 , A5,3)
are not distinguishable. The curves in Fig. 6 have been averaged
over 100 independent experiments. The initial guess ��1 is cho-
sen in each experiment randomly from a uniform distribution
on [�1, 1]. The curves in Fig. 6 show the robustness of the algo-
rithms in the sense that a small energy of disturbances does not
lead to a large energy of filtering errors. Thus, if the disturbances
are bounded, then the filtering errors also remain bounded [i.e.,
bounded-input bounded-output (BIBO) stability].

To verify the convergence properties of the algorithms,
the plots of Fig. 5 are redrawn via running the algorithms
(A1,3 , A2,3 , A3,3 , A4,3 , A5,3) in an ideal case of zero distur-
bances (i.e., vj = 0). Fig. 7 shows, in this case, the convergence
of the algorithms toward true parameters.

D. Third Example

Our third example has been taken from [9], where at time t,
a signal yt is transmitted over a noisy channel. The recipient
is required to estimate the sent signal yt out of the actually
observed signal

rt =
k�1�

i=0

ui+1yt�i + vt

where vt is zero-mean Gaussian noise with a signal-to-noise
ratio of 10 dB. The signal is estimated using an adaptive filter

�yt = GT
t �t�1 , Gt = [rt�m • • • rt • • • rt+m ] � R2m+1
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