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Abstract

A novel method for the robust identification of interpretable fuzzy models, based on the criterion that identification errors are least sensitive to
data uncertainties and modelling errors, is suggested. The robustness of identification errors towards unknown disturbances (data uncertainties,
modelling errors, etc.) is achieved by bounding (i.e. minimizing) the maximum possible value of energy-gain from disturbances to the
identification errors. The solution of energy-gain bounding problem, being robust, shows an improved performance of the identification method.
The flexibility of the proposed framework is shown by designing the variable learning rate identification algorithms in both deterministic and
stochastic frameworks.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

During the last years, a large number of fuzzy identifica-
tion techniques have been developed using ad hoc approaches,
neural networks, genetic algorithms, clustering techniques, and
Kalman filtering. The robustness issue of fuzzy identification
has been addressed previously by Chen and Jain (1994), Hong,
Harris, and Chen (2004), Johansen (1996), Kumar, Stoll, and
Stoll (2003b, c, 2004a, b, 2006), Wang, Lee, Liu, and Wang
(1997), Yu and Li (2004). However, there is still quite a need
of studying robust fuzzy identification problem so as to meet
all of the following requirements:

(1) Considering fuzzy identification to be an ill-posed prob-
lem (Burger, Engl, Haslinger, & Bodenhofer, 2002), the
issue of data uncertainties and modelling errors should be
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mathematically taken into account, while identifying not
only linear parameters (consequents) but also the nonlinear
parameters (antecedents) of the fuzzy model.

(2) The identification procedure should be on-line.
(3) The identification procedure should not require a priori

knowledge of upper bounds, statistics, and distribution of
uncertainties and modelling errors.

(4) The identification procedure should preserve the inter-
pretability (a key property) of the fuzzy models.

To the knowledge of author, simultaneously all of above
requirements (in particular the first requirement) have not
been met in the literature. Regularization has been suggested
in Johansen (1996) for robust identification of linear fuzzy
model parameters and Hong et al. (2004) suggests a reg-
ularized orthogonal least-squares algorithm combined with
a D-optimality used for subspace-based rule selection for a
linear-in-parameters fuzzy model. The identification of both
linear and nonlinear fuzzy parameters from uncertain data to-
gether with interpretability consideration has been suggested in
Burger et al. (2002), Kumar et al. (2004b) using regularization,
and in Kumar et al. (2003c) using semidefinite programming
(SDP) and second-order cone programming (SOCP). However,
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their methods are off-line. Yu and Li (2004) proposes an on-line
method for robust fuzzy identification based on input-to-state
stability approach that does not require any priori knowledge
of upper bounds, however, without addressing interpretability
issue. Both, interpretability and robustness of an on-line fuzzy
identification method, has been achieved in Kumar et al. (2003,
2006) by solving a min–max estimation problem. Although, the
approach of Kumar et al. (2006) meets all of the four require-
ments, but the results in Kumar et al. (2006) have been derived
using approximations. The aim of this paper is to provide a
novel fuzzy identification method based on a robust criterion.
Our method, for each of four requirements, suggests a math-
ematical criterion and all the criteria are studied in a unified
framework. The main features of our approach can be summa-
rized as follows:

(1) To design a robust identification method, we try to min-
imize the maximum possible value of energy-gain from
disturbances to the identification errors.

(2) The maximum value of energy-gain (that will be mini-
mized) is calculated over all possible finite disturbances
without making any assumptions.

(3) An on-line solution of energy-gain-based fuzzy identifica-
tion problem in a closed-form has been made possible by
modelling the unknown process using a time-varying an-
tecedents fuzzy model.

(4) The interpretability issue is addressed by constraining the
identification of membership functions to a matrix inequal-
ity (Burger et al., 2002;Kumar et al., 2003a, Kumar, Stoll,
& Stoll, 2003b, 2004a, b, 2006).

The first three features of our approach are new in context to
nonlinear fuzzy model identification. The contribution of the
paper with respect to the state of art is to meet simultaneously
all the four requirements. To do so, we introduce an energy-
gain bounding approach. To render robustness in the identi-
fication, one could argue for other criteria, e.g. robust least-
squares (Kumar et al., 2003c, 2004b) and robust regularized
least-squares estimation (Kumar et al., 2006). However, the
energy-gain bounding approach should be preferred, since un-
like Kumar et al. (2004b) and Kumar et al. (2003c) it provides
an on-line solution without requiring the knowledge of upper
bound on disturbances. Further, our approach will provide a
framework to study the robust identification of nonlinear fuzzy
models. Also, we will see that the solution of Kumar et al.
(2006) (that was motivated using approximations) could be de-
rived in our framework without approximations. Sugeno-type
fuzzy inference systems combine simplicity with good analyt-
ical properties (Takagi & Sugeno, 1985), and allow qualitative
insight into the relationships (Babuška, 2000; Bodenhofer &
Bauer, 2000; Espinosa & Vandewalle, 2000; Setnes, Babuška,
& Verbruggen, 1998). Therefore, we consider the identification
of a Sugeno-type fuzzy model.

2. A Takagi–sugeno fuzzy model

Consider a zero-order Takagi–Sugeno fuzzy model (Fs :
X → Y ) that maps n-dimensional input space (X =X1 ×X2 ×

· · · × Xn) to one-dimensional real line. A rule of the model is
represented as “If x1 is A1 and · · · and xn is An then y = c”.
Here, x1, . . . , xn are the model input variables, y is the out-
put variable. As regard, A1, . . . , An, they are the antecedents
(if-part of the rule) and c is the consequent (then-part of the
rule). The A1, . . . , An are the linguistic terms (such as low,
high) which are represented by fuzzy sets. Given a universe
of discourse Xj , a fuzzy subset Aj of Xj is characterized by
a mapping: �Aj

: Xj → [0, 1], where for xj ∈ Xj , �Aj
(xj )

can be interpreted as the degree or grade to which xj belongs
to Aj . This mapping is called as membership function of the
fuzzy set. The constant c is a real number. Let us define, for
j th input, Pj nonempty fuzzy subsets of Xj (represented by
Aj1, . . . , AjP j

) such that for any xj ∈ Xj ,

�Aj1
(xj ) + �Aj2

(xj ) + · · · + �AjPj
(xj ) = 1. (1)

Now, the model could have maximum number of K =∏n
j=1Pj

rules. Let the ith rule of above rule-base is represented as Ri :
If x1 is A1i and · · · and xn is Ani then y = ci , where A1i ∈
{A11, . . . , A1P1}, A2i ∈ {A21, . . . , A2P2} and so on. For a given
input x, the degree of fulfillment of the ith rule, by modelling
the logic operator ‘and’ using product, is given by gi(x) =∏n

j=1�Aji
(xj ). The output of the fuzzy model to input vector

x ∈ X is computed by taking the weighted average of the output
provided by each rule:

Fs(x) =
∑K

i=1 cigi(x)∑K
i=1 gi(x)

=
∑K

i=1 ci

∏n
j=1�Aji

(xj )∑K
i=1

∏n
j=1�Aji

(xj )
.

Since the membership functions satisfy (1), therefore∑K
i=1
∏n

j=1�Aji
(xj ) = 1 and hence

Fs(x) =
K∑

i=1

ci

n∏
j=1

�Aji
(xj ). (2)

We characterize for any input xj , the Pj different member-
ship functions, by a knot sequence {�j1 < �j2 < · · · < �jP j

},
as shown in Fig. 1. Now, consider the problem of assign-
ing two different memberships (say �Aji

and �Aj(i+1)
) to a

point xj such that �ji < xj < �j (i+1), based on following crite-
rion: [�Aji

(xj ), �Aj(i+1)
(xj )] = arg min[u1,u2;u1+u2=1][u2

1(xj −
�ji)

2 + u2
2(xj − �j (i+1))

2]. This results in

�Aji
(xj ) = (xj − �j (i+1))

2

(xj − �ji)
2 + (xj − �j (i+1))

2

and

�Aj(i+1)
(xj ) = (xj − �ji)

2

(xj − �ji)
2 + (xj − �j (i+1))

2 .

Thus, Pj different membership functions for input xj can be
defined as follows:

�Aj1
=

⎧⎪⎪⎨⎪⎪⎩
1, xj ��j1

(xj − �j2)
2

(xj − �j1)
2 + (xj − �j2)

2 , �j1 �xj ��j2

0 otherwise
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Fig. 1. The characterization of membership functions by a knot sequence.

�Aj2
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(xj − �j1)

2

(xj − �j1)
2 + (xj − �j2)

2 , �j1 �xj ��j2,

(xj − �j3)
2

(xj − �j2)
2 + (xj − �j3)

2 , �j2 �xj ��j3, . . .,

0 otherwise,

�AjPj
=

⎧⎪⎪⎨⎪⎪⎩
1, xj ��jP j

,

(xj−�j (Pj −1))
2

(xj−�j (Pj −1))
2+(xj−�jP j

)2 , �j (Pj −1) �xj ��jPj
,

0 otherwise.

Fig. 1 shows the shape of above defined membership func-
tions. Note that the membership functions fulfill (1) and
j th input membership functions are described by a knot
sequence [�j1, . . . , �jP j

] such that �j1 < �j2 < · · · < �jP j
.

We ensemble the knot sequences for all inputs by defin-
ing an L-dimensional (where L = ∑n

j=1Pj ) vector �:

� = [�11 · · · �1P1�21 · · · �2P2 · · · �n1 · · · �nP n ] ∈ RL. Now,
the degree of fulfillment of ith rule can be defined as a
function of vector �: gi(x, �) = ∏n

j=1�Aji
(xj ). If we de-

fine two K-dimensional (where K = ∏n
j=1Pj ) vectors

G(x, �) = [
g1(x, �) · · · gK(x, �)

]T ∈ RK and � = [c1 · · · cK ] ∈
RK , then (2) can be rewritten as Fs(x) = GT(x, �)�. During
the identification of membership functions, it is necessary
that two consecutive knots must be sufficiently separated
for the good interpretability of the fuzzymodel (Lindskog,
1997). That is, there must exist some �j such that �j2 −
�j1 ��j , . . . , �jP j

− �jP j−1 ��j , ∀ j = 1, . . . , n. The above
inequalities can be put together by defining a suitable
matrix c and a vector h such that c��h (Burger et al.,
2002; Kumar et al., 2003a, 2003b, 2004a, 2004b, 2006).
Hence, a Takagi–Sugeno fuzzy model is characterized by
Fs(x) = GT(x, �)�, c��h.

Fig. 2. Energy-gain from disturbances to estimation errors in fuzzy parameters
estimation.

3. An energy-gain bounding approach

The classical approach to the fuzzy modelling of unknown
processes is to assume that there exists an interpretable Sugeno-
type fuzzy model, say (�∗, �∗) with c�∗ �h, for approximating
the process. That is, at any time j, y(j)=GT(x(j), �∗)�∗ +nj ,
where x(j) is input vector, scalar y(j) is output measure-
ment, and nj is measurement noise that includes also the
modelling errors. Our approach, however, is to model the
unknown process as

y(j) = GT(x(j), �∗
j )�

∗ + nj , (3)

such that antecedents vector �∗
j may vary with time index j.

The point here is to model the unknown process using a time-
varying antecedents fuzzy model. This will allow us to solve in
closed-form the solution of formulated robust fuzzy identifica-
tion problem in Theorem 2. However, it is expected that during
the identification process, �∗

j tends to converge with time-index
j to a constant vector. The concern of this paper is to (1) find
out an appropriate variation of antecedents vector �∗

j , and (2) to
estimate the parameter �∗, in presence of unknown determin-
istic disturbance nj . At any time instant j, we are concerned
with the robust estimation of fuzzy parameters (�∗, �∗

j ), say
(�j , �j ) with c�j �h, using input–output identification data se-
quence {x(j), y(j)}, without a priori knowledge of statistics
and upper bound on the uncertainty signal nj . The estimation
error signal is given as ej =GT(x(j), �∗

j )�
∗ −GT(x(j), �j )�j .

Any method for computing {�j , �j }kj=0 from identification data

{x(j), y(j)}kj=0 (being referred as estimation strategy) will be
considered good if it results in a small value of estimation er-
rors energy (being measured as

∑k
j=0|ej |2). The performance

of an estimation strategy will be affected by three kind of un-
known disturbances: (1) measurement noise nj , (2) deviation
of initialguess �−1 from true parameter �∗, (3) deviation of �∗

j

from its initial guess �j−1. Here, the initial guess about �∗
j is

taken equal to the estimate of �∗
j−1, since �∗

j tends to con-
verge. Thus, to every estimation strategy, is associated a kind
of mapping from disturbances to the estimation errors. This
mapping, depending upon its robustness, will result to a gain of
energy from disturbances to the estimation errors, as shown in
Fig. 2. Now, to render robustness in the design of an estima-
tion strategy against unknown disturbances, we try to minimize
the value of an upper bound on energy-gain, along the line of
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H∞-optimal estimation (Hassibi, Sayed, & Kailath, 1996b, c).
This, we call as energy-gain bounding approach:

Minimize �,

subject to∑k
j=0|GT(x(j), �∗

j)�
∗ − GT(x(j), �j)�j |2

�−1‖�∗ − �−1‖2+�−1
�

∑k
j=0‖�∗

j−�j−1‖2+∑k
j=0|nj |2

< �2,

for any vector �∗ and for all sequences {�∗
j , c�

∗
j �h}kj=0, {nj}kj=0.

Here, the parameter � > 0 reflects a priori knowledge as to
how close �∗ is to the initial guess �−1, and the parameter
�� > 0 reflects a priori knowledge as to how close the parame-
ters {�∗

j }kj=0 are to the initial guess {�j−1}kj=0. The estimation

strategy {�j , �j }kj=0 is causal and |nj | < ∞, for all j =0, . . . , k.
Note that signal nj is deterministic and no assumption about its
nature has been made. We take, for simplicity, the initial guess
�−1 equal to a null vector.

4. The sub-optimal solution

Given a scalar ��0, find a causal estimation strategy
{�j , �j , c�j �h}kj=0 that achieves∑k

j=0|GT(x(j), �∗
j )�

∗ − GT(x(j), �j )�j |2
�−1‖�∗‖2 + �−1

�

∑k
j=0‖�∗

j − �j−1‖2 +∑k
j=0|nj |2

< �2, (4)

for any vector �∗ and for all sequences {�∗
j , c�

∗
j �h}kj=0, {nj}kj=0.

Lemma 1. For ��1, a unique minimum exists for the problem

min{�∗}

(−�−2∑k
j=0|GT(x(j), �∗

j )�
∗ − GT(x(j), �j )�j |2

+�−1‖�∗‖2 +∑k
j=0|y(j) − GT(x(j), �∗

j )�
∗|2

)
,

and is given by

k∑
j=0

[y(j) − GT(x(j), �∗
j )̂�j ]2

1 + GT(x(j), �∗
j )Pj G(x(j), �∗

j )
−

k∑
j=0

[GT(x(j), �j )�j − GT(x(j), �∗
j )�j ]2

�2 − GT(x(j), �∗
j )[P−1

j
+ G(x(j), �∗

j )GT(x(j), �∗
j )]−1G(x(j), �∗

j )
,

(5)

where �̂0 = 0, P0 = �I ,

�̂j+1 = �̂j +
PjG(x(j), �∗

j )
[
y(j) − GT(x(j), �∗

j )̂�j

]
1 + GT(x(j), �∗

j )PjG(x(j), �∗
j )

− PjG(x(j), �∗
j )[GT(x(j), �j )�j−GT(x(j), �∗

j )�j ]
(1+GT(x(j), �∗

j )PjG(x(j), �∗
j ))(�

2−GT(x(j), �∗
j )T1)

,

�j = �̂j + PjG(x(j), �∗
j )[y(j) − GT(x(j), �∗

j )̂�j ]
1 + GT(x(j), �∗

j )PjG(x(j), �∗
j )

,

P −1
j+1 = P −1

j + (1 − �−2)G(x(j), �∗
j )G

T(x(j), �∗
j )

and

T1 = [P −1
j + G(x(j), �∗

j )G
T(x(j), �∗

j )]−1G(x(j), �∗
j ).

Proof. The proof is based on following Theorem:

Theorem 1. Consider a quadratic form

Jk(x0, {uj }kj=0, {yj }kj=0)

= xT
0 �−1

0 x0 +
k∑

j=0

[
uj

yj − Hjxj

]∗[Qj Sj

ST
j Rj

]−1

×
[

uj

yj − Hjxj

]
(6)

over x0 and {uj }kj=0, subject to the state-space constraints
xj+1 =Fjxj +Gjuj , j = 0, 1, . . . , k. If �0 > 0, Qj > 0, Rj is
invertible, Qj −SjR

−1
j ST

j > 0 and [FjGj ] has full rank for all
j, then the quadratic forms (6) will have a unique minimum, if
and only if,

P −1
j + HT

j R−1
j Hj > 0, 0�j �k, (7)

Pj+1 = FjPjF
T
j + GjQjG

T
j − Kp,jRe,jK

T
p,j , (8)

P0=�0, Re,j =Rj +HjPjH
T
j , Kp,j =(FjPjH

T
j +GjSj )R

−1
e,j .

It also follows in the minimum case that Pj+1 > 0 for all
0�j �k. Also, the minimum value of Jk(x0, {uj }kj=0, {yj }kj=0)

over (x0, {uj }kj=0) is given by

k∑
j=0

(yj − Hj x̂j )
TR−1

e,j (yj − Hj x̂j ), (9)

x̂j+1 = Fj x̂j + Kp,j (yj − Hj x̂j ), x̂0 = 0.

Proof. This is the result of Theorem 6 and Lemma 13 in
Hassibi, Sayed, and Kailath (1996a). �

It is easy to see that minimization problem

min{�∗}

(−�−2∑k
j=0|GT(x(j), �∗

j )�
∗ − GT(x(j), �j )�j |2

+�−1‖�∗‖2 +∑k
j=0|y(j) − GT(x(j), �∗

j )�
∗|2
)

can be identified a special case of the quadratic form (6) by
considering for all 0�j �k, Fj = I, Gj = 0, xj = �∗, uj =
0, �0 = �I, Qj = I, Sj = 0,

yj =
[

y(j)

GT(x(j), �j )�j

]
, Hj =

[
GT(x(j), �∗

j )

GT(x(j), �∗
j )

]
,

Rj =
[

1 0
0 −�2

]
.

Let �̂j denotes a vector that corresponds to a variable x̂j

in expression (9). Here, �̂j should not be confused with
the estimation strategy �j . First, we show that a minimum
exists for the problem for ��1 by checking the condition
(7). That is, �−1‖�∗‖2 + ∑k

j=0|y(j) − GT(x(j), �∗
j )�

∗|2 −
�−2∑k

j=0|GT(x(j), �∗
j )�

∗ − GT(x(j), �j )�j |2 will have a
minimum over {�∗} for all 0�j �k, iff(

P −1
j + [G(x(j), �∗

j )G(x(j), �∗
j )]
[

1 0
0 −�2

]−1

×
[
GT(x(j), �∗

j )

GT(x(j), �∗
j )

])
> 0,
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where

P0 = �I, Pj+1 = Pj − Pj [G(x(j), �∗
j )G(x(j), �∗

j )]T −1
2

×
[
GT(x(j), �∗

j )

GT(x(j), �∗
j )

]
Pj ,

T2 =
[

1 0
0 −�2

]
+
[
GT(x(j), �∗

j )

GT(x(j), �∗
j )

]
Pj [G(x(j), �∗

j )

× G(x(j), �∗
j )].

The existence condition is equivalent to

P −1
j + (1 − �−2)G(x(j), �∗

j )G
T(x(j), �∗

j ) > 0, (10)

∀j = 0, . . . , k, and using matrix inversion lemma, it can be
seen that P −1

j+1 = P −1
j + (1 − �−2)G(x(j), �∗

j )G
T(x(j), �∗

j ).

At this end, consider the minimum eigenvalue of matrix P −1
j

by using the fact that �min(P
−1
j ) = minuTu=1u

TP −1
j u. There-

fore, for every j, we can determine a vector u0�RK with
uT

0 u0 = 1 such that �min(P
−1
j ) = uT

0 P −1
j u0 = uT

0 P −1
j−1u0 +

(1 − �−2)|GT(x(j − 1), �∗
j−1)u0|2. Assume that ��1. If

P −1
j−1 > 0 (i.e. uT

0 P −1
j−1u0 > 0), then �min(P

−1
j ) > 0 and there-

fore P −1
j > 0. Since P −1

0 = �−1I > 0, therefore by induc-

tion P −1
j > 0, j = 0, . . . , k. Thus, for any nonzero vector

��RK, �TP −1
j �+(1−�−2)|GT(x(j), �∗

j )�|2 > 0. Rewriting the

above inequality, �T[P −1
j +(1−�−2)G(x(j), �∗

j )G
T(x(j), �∗

j )]
� > 0. Since � is any nonzero vector, therefore P −1

j + (1 −
�−2)G(x(j), �∗

j )G
T(x(j), �∗

j ) > 0, ∀j = 0, . . . , k. Hence, we
see that for ��1, the existence condition (10) is satisfied and
the minimum value of the function can be calculated using (9).
For this consider

Re,j =
[

1 + GTPjG GTPjG

GTPjG −�2 + GTPjG

]
,

where G=G(x(j), �∗
j ) has been written because of space lim-

itations. Using the block triangular factorization of Re,j and
then finding its inverse, we have

R−1
e,j =

[
1

−GTPj G

1+GTPj G

0 1

]
T −1

3

[
1 0

−GTPj G

1+GTPj G
1

]
, (11)

T3 =
[

1 + GTPjG 0
0 −�2 + GT(P −1

j + GGT)−1G

]
.

The minimum value is equal to
∑k

j=0T
T
4 R−1

e,j T4,

T4 =
[

y(j) − GT(x(j), �∗
j )̂�j

GT(x(j), �j )�j − GT(x(j), �∗
j )̂�j

]
.

From Theorem (1), �̂0 =0, �̂j+1 = �̂j +Pj [G(x(j), �∗
j )G(x(j),

�∗
j )]R−1

e,j T4. By substituting the value of R−1
e,j from (11), the

minimum value becomes (5). �

Theorem 2. If any unknown physical process is modelled
according to (3) by defining �∗

j = �j ,

�j = arg min
�

[
�j (�), c��h

]
,

�j (�) = [y(j) − GT(x(j), �)�j−1]2

1 + GT(x(j), �)PjG(x(j), �)
+ �−1

� ‖� − �j−1‖2,

�j = �j−1 + PjG(x(j), �j )[y(j) − GT(x(j), �j )�j−1]
1 + GT(x(j), �j )PjG(x(j), �j )

,

Pj+1 = [P −1
j + (1 − �−2)G(x(j), �j )G

T(x(j), �j )]−1,

�−1 =0, P0 =�I , then {�j , �j }kj=0 is a solution of optimization
problem (4).

Proof. Define an indefinite quadratic form as Jk(�∗, {�∗
j }kj=0,

{x(j), y(j)}kj=0, {�j , �j}kj=0)=
∑k

j=0|y(j)−GT(x(j), �∗
j)�

∗|2+
�−1‖�∗‖2 − �−2∑k

j=0|GT(x(j), �∗
j )�

∗ − GT(x(j), �j )�j |2 +
�−1

�

∑k
j=0‖�∗

j −�j−1‖2. Noting nj =y(j)−GT(x(j), �∗
j )�

∗, it
can be seen that the sub-optimality condition (4) is satisfied, if
and only if,Jk(�∗, {�∗

j }kj=0, {x(j), y(j)}kj=0, {�j , �j }kj=0) > 0,

for any vector �∗ and for all sequences {�∗
j , c�

∗
j �h}kj=0,

{y(j)}kj=0. Therefore, any sub-optimal causal estimation strat-

egy {�j , �j , c�j �h}kj=0 that achieves a robustness level of �,

for a given fixed data sequence {x(j), y(j)}kj=0, must ensure
that

min
�∗,{�∗

j ,c�∗
j �h}kj=0

Jk(·) > 0. (12)

For a given sequence of antecedent parameters {�∗
j , c�

∗
j �h}kj=0,

we define

J min
k ({�∗

j }kj=0, {x(j), y(j)}kj=0, {�j , �j }kj=0)

= min{�∗}Jk(�
∗, {�∗

j }kj=0, {x(j), y(j)}kj=0, {�j , �j }kj=0).

Now, any sub-optimal estimation strategy {�j ,�j ,c�j �h}kj=0,
must ensure that

min
{�∗

j ,c�∗
j �h}kj=0

J min
k (·) > 0. (13)

To design an estimation strategy based on (13), we first need to
find the functional value of J min

k (·) by solving a deterministic
quadratic form minimization problem

min{�∗}

(−�−2∑k
j=0|GT(x(j), �∗

j )�
∗ − GT(x(j), �j )�j |2

+�−1‖�∗‖2 +∑k
j=0|y(j) − GT(x(j), �∗

j )�
∗|2
)

,

using Lemma 1. Now, using Lemma 1, the functional
value of J min

k ({�∗
j }kj=0, {x(j), y(j)}kj=0, {�j , �j }kj=0), can be
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calculated as

J min
k ({�∗

j }kj=0, {x(j), y(j)}kj=0, {�j , �j }kj=0)

=
k∑

j=0

[y(j) − GT(x(j), �∗
j )̂�j ]2

1 + GT(x(j), �∗
j )PjG(x(j), �∗

j )

−
k∑

j=0

[
GT(x(j), �j )�j − GT(x(j), �∗

j )�j

]2

�2 − GT(x(j), �∗
j )T1

+ �−1
�

k∑
j=0

‖�∗
j − �j−1‖2, (14)

T1 = [P −1
j + G(x(j), �∗

j )G
T(x(j), �∗

j )]−1G(x(j), �∗
j ). After

calculating J min
k , we return to the original sub-optimal estima-

tion problem (13). Therefore, all we have to do is to choose any
causal estimation strategy {�j , �j , c�j �h}kj=0 that ensures in-

equality (13), where J min
k ({�∗

j }kj=0,{x(j),y(j)}kj=0,{�j ,�j }kj=0)

is given by (14). There may be more than one different es-
timation strategies which ensure inequality (13). To narrow
our search and to pick up a simple and computationally
cheap strategy, we put a constraint on the estimation strat-
egy that �j = A��j , �j = A��

∗
j , j = 0, . . . , k, where A�

and A� are some matrices of suitable dimensions which
operate on �j and �∗

j , respectively to define an estimation

strategy (�j , �j ). Let the minimization of J min
k (·) w.r.t.

{�∗
j , c�

∗
j �h}kj=0, for a given choice of A� and A�, is denoted

by {�A�
A�

(j)}kj=0, i.e. {�A�
A�

(j)}kj=0 = arg min{�∗
j ,c�∗

j �h}kj=0
T5(·),

T5(·) = J min
k ({�∗

j }kj=0, {x(j), y(j)}kj=0, {A��j , A��
∗
j }kj=0).

Remark 1. Let us consider an example of computing the causal
parameters {�A�

A�
(j)}kj=0 when A�=I and A�=I . When A�=I

and A� = I , then

{�I
I (j)}kj=0 = arg min

{�∗
j ,c�∗

j �h}kj=0

k∑
j=0

�j (·), (15)

�j (·)=[y(j)−GT(x(j), �∗
j )̂�j ]2/1+GT(x(j), �∗

j )PjG(x(j),

�∗
j ) + �−1

� ‖�∗
j − �∗

j−1‖2, where �∗−1 denotes the initial

guess �−1, �̂j+1 = �̂j + Pj G(x(j),�∗
j )[y(j)−GT(x(j),�∗

j )̂�j ]
1+GT(x(j),�∗

j )Pj G(x(j),�∗
j )

,

Pj+1 = [P −1
j + (1 − �−2)G(x(j), �∗

j )G
T(x(j), �∗

j )]−1, �̂0 = 0,

P0 = �I . Since {�I
I (j)}kj=0are causal, therefore �I

I (0) =
arg min�[�0(�), c��h], �0(�)=[y(0)−GT(x(0), �)̂�0]2/1+
GT(x(0), �)P0G(x(0), �) + �−1

� ‖� − �−1‖2, �̂0 = 0, P0 = �I .

Now, the value �I
I (0) (and so the values �̂1, P1) are fixed.

Therefore, the estimation of �I
I (1) follows as �I

I (1) =
arg min�[�1(�), c��h], �1(�)=[y(1)−GT(x(1), �)̂�1]2/1+
GT(x(1), �)P1G(x(1), �) + �−1

� ‖� − �I
I (0)‖2, and so on fol-

lows the estimation of other parameters. Hence,the parameters
sequence {�I

I (j)}kj=0 can be recursively computed by solving

(k + 1) minimization problems, i.e. for j = 0, . . . , k,

�I
I (j) = arg min

�

[
�j (�), c��h

]
, (16)

�j (�) = [y(j) − GT(x(j), �)̂�j ]2
1 + GT(x(j), �)PjG(x(j), �)

+ �−1
� ‖� − �I

I (j − 1)‖2,

�̂j+1 = �̂j + PjG(x(j), �I
I (j))[y(j) − GT(x(j), �I

I (j))̂�j ]
1 + GT(x(j), �I

I (j))PjG(x(j), �I
I (j))

,

(17)

P −1
j+1 = P −1

j + (1 − �−2)G(x(j), �I
I (j))GT(x(j), �I

I (j)),

(18)

starting with �I
I (−1) = �−1, �̂0 = 0, and P0 = �I .

Now, any causal estimation strategy {�j = A��j , �j =
A��

∗
j }kj=0 is sub-optimal (i.e. achieves a robustness level of

� > 1) if

J min
k ({�A�

A�
(j)}kj=0, {x(j), y(j)}kj=0, {�j , �j }kj=0) > 0. (19)

There may exist different estimation strategies which satisfy the
above sub-optimal condition (i.e. inequality (19)). One of such
estimation strategies is to choose A� = I (i.e. �j = �j ) and to
define the operator A� in such a way that �j = A��

∗
j = �I

A�
(j).

This results in

J min
k ({�I

A�
(j)}kj=0, {x(j), y(j)}kj=0, {�j , �

I
A�

(j)}kj=0)

=
⎛⎝ k∑

j=0

[y(j)−GT(x(j),�I
A�

(j))̂�j ]2

1+GT(x(j),�I
A�

(j))Pj G(x(j),�I
A�

(j))

+�−1
�

∑k
j=0‖�I

A�
(j) − �j−1‖2

⎞⎠> 0,

since Pj > 0, where �̂0=0, �̂j+1=�̂j +PjG(x(j), �I
A�

(j))[y(j)

− GT(x(j), �I
A�

(j))̂�j ]/1 + GT(x(j), �I
A�

(j))PjG(x(j), �I
A�

(j)), and �j = �̂j+1. The choice of operator A� that satisfies
A��

∗
j =�I

A�
(j), for j =0, . . . , k, is still not clear. We have seen

in Remark 1 that the causal parameters sequence {�I
I (j)}kj=0

can be recursively computed using (16)–(18). Therefore, we
motivate the choice A� = I , by defining �∗

j = �I
I (j), i.e. we

model the unknown process (see, (3)) as

y(j) = GT(x(j), �I
I (j))�∗ + nj . (20)

When �j = �I
I (j) and �j = �j , then �j = �̂j+1. Then, it follows

from (16)–(18) that

�j = arg min
�

[�j (�), c��h], (21)

�j (�) = [y(j) − GT(x(j), �)�j−1]2

1 + GT(x(j), �)PjG(x(j), �)
+ �−1

� ‖� − �j−1‖2,

�j = �j−1 + PjG(x(j), �j )
[
y(j) − GT(x(j), �j )�j−1

]
1 + GT(x(j), �j )PjG(x(j), �j )

, (22)

Pj+1 = [P −1
j + (1 − �−2)G(x(j), �j )G

T(x(j), �j )]−1,

�−1 = 0, P0 = �I. �
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5. The optimal solution

Now, our concern is to solve

min
{(�j ,�j ),c�j �h}kj=0

max
{�∗,{�∗

j }kj=0,{nj }kj=0}
T, (23)

T =
∑k

j=0|GT(x(j), �∗
j )�

∗ − GT(x(j), �j )�j |2
�−1‖�∗‖2 + �−1

�

∑k
j=0‖�∗

j − �j−1‖2 +∑k
j=0|nj |2

.

Theorem 3. If any unknown physical process is modelled ac-
cording to (3) by defining �∗

j = �j ,

�j = arg min
�

[�j (�), c��h], (24)

�j (�) = [y(j) − GT(x(j), �)�j−1]2

1 + �‖G(x(j), �)‖2 + �−1
� ‖� − �j−1‖2,

�j = �j−1 + �G(x(j), �j )[y(j) − GT(x(j), �j )�j−1]
1 + �‖G(x(j), �j )‖2 , (25)

�−1 = 0, then {�j , �j }kj=0 is a solution of optimization problem
(23).

Proof. To solve (23), we need to find a minimum possible value
of � (say �0) and the corresponding causal estimation strategy{
(�j , �j ), c�j �h

}k
j=0 that achieves∑k

j=0|GT(x(j), �∗
j )�

∗ − GT(x(j), �j )�j |2
�−1‖�∗‖2 + �−1

�

∑k
j=0‖�∗

j − �j−1‖2 +∑k
j=0|nj |2

< �2
0,

for any vector �∗ and for all sequences {�∗
j , c�

∗
j �h}kj=0,

{nj }kj=0. It can be seen that any possible value of � > 0, that

satisfies the existence condition (10) P −1
j + (1 − �−2)G(x(j),

�∗
j )G

T(x(j), �∗
j ) > 0, ∀j = 0, . . . , k, cannot be less than 1. To

see this, note that P −1
j = �−1I + (1 − �−2)

∑j−1
i=0 G(x(i), �∗

i )

GT(x(i), �∗
i ), and so the existence condition simplifies

to �−1I + (1 − �−2)
∑j

i=0G(x(i), �∗
i )G

T(x(i), �∗
i ) > 0,

∀j = 0, . . . , k. The above inequality implies that � can-
not be less than 1. To verify this, first note that each el-
ement of vector G(·) corresponds to a normalized firing
strength of a rule. That is, each element of G lies between
0 and 1 and sum of all its elements is equal to 1. Thus,
‖G(x(i), �∗

i)‖2 �1/number of elements of vector G, and hence∑∞
i=0‖G(x(i), �∗

i )‖2 = ∞. Now, suppose that � < 1, then

for some large enough j, we must have
∑j

i=0|Gp(x(i), �∗
i )|2

>
�−1

�−2−1
, where Gp(x(i), �∗

i ) is the any pth entry of vec-

tor G(x(i), �∗
i ). This implies that the pth diagonal entry of

the matrix �−1I + (1 − �−2)
∑j

i=0G(x(i), �∗
i )G

T(x(i), �∗
i ) is

negative and hence the expression �−1I + (1 − �−2)
∑j

i=0G

(x(i), �∗
i )G

T(x(i), �∗
i ) cannot be positive-definite. Therefore,

�0 = 1. Once �0 has been determined, the analysis made in the
previous section i.e. expressions (21)–(22) can be used to find
an optimal estimation strategy. For �0 = 1, Pj = �I , and hence
the optimal estimation strategy is given as (24)–(25). �

Theorem 3 suggests an estimation strategy (24)–(25) which
is exactly the same as suggested in Kumar et al. (2006), how-
ever, by solving a local min–max regularized least-squares es-
timation problem. Now, we have motivated it as a solution
of the energy-gain bounding problem. The convergence and
steady-state behavior of identification method (24)–(25) has
been studied in Kumar et al. (2006). However, for the sake of
completion, we outline some of the results. For this, define pri-
ori recursion error ẽa(j) and posteriori recursion error ẽp(j) as
ẽa(j)=GT(x(j), �j )�̃j−1, ẽp(j)=GT(x(j), �j )�̃j , �̃j=�∗−�j .

It follows from (25) that �̃j = �̃j−1 − ẽa(j)−ẽp(j)

‖G(x(j),�j )‖2 G(x(j), �j ).

By taking squared norm of both sides,

‖�̃j‖2 + |̃ea(j)|2
‖G(x(j), �j )‖2 = ‖�̃j−1‖2 + |̃ep(j)|2

‖G(x(j), �j )‖2 . (26)

To study the convergence properties, assume that nj =0, then it

follows from (25) that ẽp(j) = ẽa(j)

1+�‖G(x(j),�j )‖2 , and thus from

(26), we obtain ‖�̃j‖2 = ‖�̃j−1‖2 −
(

1 −
∣∣∣ 1

1+�‖G(x(j),�j )‖2

∣∣∣2)
|̃ea(j)|2

‖G(x(j),�j )‖2 . Above expression shows the convergence prop-

erty in a sense that squared norm of estimation error vector (i.e.
‖�̃j‖2) is a nonincreasing function of time index j.

6. Energy-gain bounding approach with time-varying
learning rate

In order to meet the requirements of fast convergence and low
misadjustment, one may like to use a variable or time-varying
learning rate (i.e. �(j) and ��(j)) in recursions (24)–(25). Let
us, for simplicity, assume that ratio of antecedents learning
rate to consequents learning rate at any time is constant, i.e.
��(j)/�(j) = s�, where s� > 0 is a constant. Let us also define
priori error ea(j) and posteriori error ep(j) as ea(j) = y(j) −
GT(x(j), �j )�j−1, ep(j) = y(j) − GT(x(j), �j )�j .

Theorem 4. If any unknown physical process is modelled ac-
cording to (3) by defining �∗

j = �j ,

�j = arg min
�

[�j (�), c��h], (27)

�j (�) = [y(j) − GT(x(j), �)�j−1]2
1 + �(j)‖G(x(j), �)‖2 + (��(j))−1‖� − �j−1‖2,

�j = �j−1 +
�(j)G(x(j), �j )

[
y(j) − GT(x(j), �j )�j−1

]
1 + �(j)‖G(x(j), �j )‖2 , (28)

�−1 = 0, then {�j , �j }kj=0 is a solution of following two opti-
mization problems:

(1)

min
{(�j ,�j ),c�j �h}kj=0

max
{�∗,{�∗

j }kj=0,{nj }kj=0}
T, (29)

T =
∑k

j=0�(j)|GT(x(j), �∗
j)�

∗ − GT(x(j), �j)�j |2
‖�∗‖2+s−1

�

∑k
j=0‖�∗

j−�j−1‖2+∑k
j=0�(j)|nj |2

.
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(2) minimize ‖�j − �j−1‖2 subject to

ep(j) = ea(j)

1 + �(j)‖G(x(j), �j )‖2 .

Proof. The proof of first part of the theorem follows by
replacing in (24)–(25), y(j) by

√
�(j)y(j), G(x(j), �j )

by
√

�(j)G(x(j), �j ), G(x(j), �) by
√

�(j)G(x(j), �), �
by 1, �� by s�, since these replacements of variables in
optimization problem (23), after substituting nj = y(j) −
GT(x(j), �∗

j )�
∗, �∗

j = �j , would lead to the optimiza-
tion problem (29). For the proof of second part, con-
sider the optimization problem: minimize‖�j − �j−1‖2

subject to ep(j) = ea(j)/1 + �(j)‖G(x(j), �j )‖2. Define
J1 =‖�j −�j−1‖2 +�[ep(j)−ea(j)/1+�(j)‖G(x(j), �j )‖2],
where � is a Lagrange multiplier. The partial derivatives
of J1, �J1

��j
= 2(�j − �j−1) − �G(x(j), �j ),

�J1
�� = ep(j) −

ea(j)/1 + �(j)‖G(x(j), �j )‖2, are set equal to zero. This re-
sults, after solving both equations, the optimal value of �j as
�j = �j−1 + �(j)G(x(j), �j )/1 + �(j)‖G(x(j), �j )‖2ea(j),
which is exactly the same as (28). �

We study the variable learning rate approach in both stochas-
tic and deterministic framework through an example for each.
As an example of variable learning rate design in a determin-
istic framework, consider the problem of incorporating a kind
of dead-zone in the energy-gain bounding approach. That is, at
every time index j, the learning rate �(j) should be so chosen
such that

ep(j) =
{ 	

|ea(j)|ea(j) if |ea(j)| > 	,

ea(j) if |ea(j)|�	,

where a positive constant 	 is the dead-zone applied to the
identification scheme. Theorem 4 indicates that the solution
of energy-gain bounding problem will guarantee the follow-
ing relation between ep(j) and ea(j): ep(j) = ea(j)/1 +
�(j)‖G(x(j), �j )‖2. Thus, dead-zone can be incorporated in
energy-gain bounding approach by choosing �(j) as

�(j) =
{ 1

‖G(x(j), �j )‖2

[ |ea(j)|
	

− 1

]
if |ea(j)| > 	,

0 if |ea(j)|�	.
(30)

The learning rate (30) being dependent upon |ea(j)| should
provide a good compromise between convergence speed and
misadjustment error. However, this may not be the optimal
learning rate. To find an optimum learning rate, we consider
the problem in a stochastic framework. Defining consequents-
error vector �̃j = �∗ − �j , the recursion (28) can be written
as �̃j = �̃j−1 −�(j)G(x(j), �j )/1+�(j)‖G(x(j), �j )‖2ea(j).
That is,

‖�̃j‖2 = ‖�̃j−1‖2 − 2
�(j)GT(x(j), �j )�̃j−1ea(j)

1 + �(j)‖G(x(j), �j )‖2

+
[

�(j)‖G(x(j), �j )‖ea(j)

1 + �(j)‖G(x(j), �j )‖2

]2

.

Taking expectations,

E‖�̃j‖2 = E‖�̃j−1‖2 − 2E

[
�(j)GT(x(j), �j )�̃j−1ea(j)

1 + �(j)‖G(x(j), �j )‖2

]
+ E

[
�(j)‖G(x(j), �j )‖ea(j)

1 + �(j)‖G(x(j), �j )‖2

]2

.

If we define


(�(j)) = 2E

[
�(j)GT(x(j), �j )�̃j−1ea(j)

1 + �(j)‖G(x(j), �j )‖2

]
− E

[
�(j)‖G(x(j), �j )‖ea(j)

1 + �(j)‖G(x(j), �j )‖2

]2

,

then E‖�̃j‖2 = E‖�̃j−1‖2 − 
(�(j)). In Shin, Sayed, and
Song (2004), an optimal value of step-size has been derived
by maximizing 
(�(j)) at every time index j, since this will
guarantee that expected value of consequents-error norm will
undergo the largest decrease from iteration (j −1) to j. That is,
to solve �∗(j) = arg max�(j)>0
(�(j)). Let us define learning
rate �(j) > 0 using a number � (where 0 < � < 1) such that
�(j) = �/‖G(x(j), �j )‖2(1 − �), 0 < � < 1, and


(�) = 2�E

[
GT(x(j), �j )�̃j−1ea(j)

‖G(x(j), �j )‖2

]
− �2E

[ |ea(j)|2
‖G(x(j), �j )‖2

]
.

We formulate our problem as �∗(j) = �∗/‖G(x(j), �j )‖2(1 −
�∗), �∗ =arg max0<�<1
(�). Substituting ea(j)=GT(x(j), �j)

�̃j−1 + nj , 
(�) becomes


(�) = 2�E

[ |GT(x(j), �j )�̃j−1|2 + GT(x(j), �j )�̃j−1nj

‖G(x(j), �j )‖2

]
− �2E

[ |GT(x(j), �j )�̃j−1 + nj |2
‖G(x(j), �j )‖2

]
.

Assuming that zero-mean noise sequence {nj } is independent,
identically distributed and statistically independent of regres-
sion sequence {G(x(j), �j )}, 
(�) can be approximated as


(�) ≈ 2�E

[ |GT(x(j), �j )�̃j−1|2
‖G(x(j), �j )‖2

]
− �2

(
E

[ |GT(x(j), �j )�̃j−1|2
‖G(x(j), �j )‖2

]
+�2

nE

[
1

‖G(x(j), �j )‖2

])
, (31)

where �n = E|nj |2. Maximizing (31) leads to

�∗ =
E
[ |GT(x(j),�j )�̃j−1|2

‖G(x(j),�j )‖2

]
E
[ |GT(x(j),�j )�̃j−1|2

‖G(x(j),�j )‖2

]
+ �2

nE
[

1
‖G(x(j),�j )‖2

] ,

�∗(j) =
E
[ |GT(x(j),�j )�̃j−1|2

‖G(x(j),�j )‖2

]
�2

n‖G(x(j), �j )‖2E
[

1
‖G(x(j),�j )‖2

] .
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Fig. 3. Plot of EGM(k) and MIE(k) for energy-gain bounding approach and gradient-descent.

If we define a vector pj = GT(x(j), �j )�̃j−1G(x(j), �j )/‖
G(x(j), �j )‖2, then

�∗(j) = E‖pj‖2

�2
n‖G(x(j), �j )‖2E

[
1

‖G(x(j),�j )‖2

] .

Thus, to compute optimal learning rate �∗(j), we first need to
at least compute the term E‖pj‖2. To do this, we follow the
approach of Shin et al. (2004) to estimate pj as p̂j =�p̂j−1 +
(1−�)ea(j)/‖G(x(j), �j )‖2G(x(j), �j ), for a smoothing fac-
tor � (0 < � < 1), being motivated by the fact that E[pj ] =
E[ea(j)/‖G(x(j), �j )‖2G(x(j), �j )]. Thus, we propose to es-
timate �∗(j) as

�∗(j) = ‖p̂j‖2

C‖G(x(j), �j )‖2 where C is a constant. (32)

7. Simulation studies

Our approach to the fuzzy identification of any unknown
process f (x) would be considered good if it results a small
value of identification error defined as IE(x, �j , �j )=|f (x)−
GT(x, �j )�j |. It was shown in Kumar et al. (2006) through
different examples that estimation strategy (24)–(25) results
a smaller value of identification error in comparison to other
standard techniques including gradient-descent. Thus, we do
not repeat the simulations for comparison with other tech-
niques. For the sake of illustration of energy-gain bounding
approach, consider first the fuzzy identification of a pro-
cess f (x) = 100x/(1 + 100x2), x ∈ [−2, 2]. The process
was simulated by choosing x from a uniform distribution
on the interval [−2, 2]. The identification data is a sequence
{x(j), f (x(j)) + 
yj }, where 
yj is a random noise, cho-
sen from a uniform distribution on the interval [−0.2, 0.2].
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Fig. 4. Plot of the expected value of MIE(k) for variable learning rate
strategy.

To measure identification error, at any time index k, define
mean value of identification error over interval [−2, 2] as
MIE(k) = (1/200)

∑200
l=1|f (xl) − GT(xl, �k)�k|, where the

points {xl}200
j=1 are uniformly distributed on [−2, 2]. Also, we

define an indirect measure of energy-gain, at any time index k,
as EGM(k)=∑k

j=0|f (x(j))−GT(x(j), �j )�j |2/∑k
j=0|
yj |2,

assuming that modelling errors are small, i.e.nj ≈ 
yj . Let
us consider the following estimation strategies: (1) constant
learning rate, taking � = 0.1 and �� = 0.1/20, (2) variable
learning rate (30), taking 	 = 2.2 and s� = 0.0025, (3) optimal
learning rate (32), taking C = 0.01, � = 0.99, and s� = 0.025.
Let us choose a fuzzy model with eight membership fun-
ctions. Initially, the membership functions are taken uniformly
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distributed in input range. The matrix c and vector h are de-
fined such that two membership functions knots must be sepa-
rated at least by a distance of 0.1. These estimation strategies
can be implemented using a Gauss–Newton-based algorithm
suggested in Kumar et al. (2006). The simulation results for
strategy (24)–(25) and its comparison with gradient-descent
have been shown in Fig. 3 by plotting the curves of EGM(k)

and MIE(k). For a fair comparison, the gradient-descent
step-size for linear parameters was 0.1 (equal to �) and for
nonlinear parameters was 0.1/20 (equal to ��). The better
performance of energy-gain bounding approach, as expected,
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Fig. 5. Plot of the expected value of MIE(k) for optimal learning rate strategy.
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Fig. 6. The learning of fuzzy model parameters using noisy data.

could be seen in Fig. 3. Fig. 4 shows a plot of expected value
of MIE(k) for the variable and constant learning rate strate-
gies. The simulation results are obtained by ensemble aver-
aging over 100 independent trials. As seen from Fig. 4, the
variable learning rate results in a compromise between con-
vergence speed and misadjustment error. Finally, Fig. 5 shows
the expected MIE(k) curve (averaged over 100 independent
trials), for the optimal and constant learning rate strategies.
Fig. 5 clearly shows the best performance of optimal learning
rate strategy in terms of fastconvergence and low misadjust-
ment error. Now, we illustrate the effectiveness of our approach
by considering a complex nonlinear function f (x1, x2) = (1 −
x1x2)e−(x1+x2)

2 −cos(4x1x2)+log(1+x1x2), x1 ∈ [−0.9, 0.9],
x2 ∈ [−0.9, 0.9]. The goal is to identify the function f using
the identification data sequence {[x1(j)x2(j)]T, y(j)} gener-
ated according to y(j) = f (x1(j), x2(j)) + nj , where nj is a
random signal normally distributed with zero mean a variance
of 0.01 and {x1(j), x2(j)} are chosen from a uniform distribu-
tion on the interval [−0.9, 0.9]. Let us consider a fuzzy model
that consists of nine different rules (i.e. three membership func-
tions for each input). Again, the initial membership functions
are taken uniformly distributed over each input range. The fuzzy
model is identified using optimal learning rate with C = 0.01,
� = 0.99, and s� = 0.025. The mean identification error at
time index k is defined as MIE(k)=(1/100)

∑100
l=1|f (xl

1, x
l
2)−

GT([xl
1x

l
2]T, �k)�k|, where the points {[xl

1x
l
2]T}l=1,...,100 are

uniformly distributed in the two-dimensional input space. The
learning of model parameters has been shown in Fig. 6 by plot-
ting ‖�k‖ and‖�k − �−1‖ with k. Fig. 6 also shows the better
performance of our approach than the standard gradient-descent
technique (taking step-size equal to 0.1) in sense of mean iden-
tification error.
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8. Conclusion

This study has outlined a framework for on-line parameters
identification of an interpretable fuzzy model in presence of
data uncertainties and modelling errors without requiring a pri-
ori knowledge of upper bounds, statistics, and distribution of
data uncertainties and modelling errors. The proposed approach
has been illustrated through simulation studies.
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