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Deterministic Approach to Robust Adaptive
Learning of Fuzzy Models

Mohit Kumar, Associate Member, IEEE, Regina Stoll, and Norbert Stoll

Abstract—This study is concerned with the adaptive learning
of an interpretable Sugeno-type fuzzy inference system, in a de-
terministic framework, in the presence of data uncertainties and
modeling errors. The authors explore the use of H∞ estimation
theory and least squares estimation for online learning of mem-
bership functions and consequent parameters without making any
assumption and requiring a priori knowledge of upper bounds,
statistics, and distribution of data uncertainties and modeling
errors. The issues of data uncertainties, modeling errors, and time
variations have been considered mathematically in a sensible way.
The proposed robust approach to the adaptive learning of fuzzy
models has been illustrated through the examples of adaptive
system identification, time-series prediction, and estimation of an
uncertain process.

Index Terms—Fuzzy identification, gradient descent, H∞-
optimality, interpretability, least squares estimation.

I. INTRODUCTION

FUZZY identification is considered a powerful tool for the
approximation of nonlinear systems from the input–output

measured data. This has stimulated many studies in the data-
driven construction of fuzzy models using ad hoc approaches
[1], [2], neural networks [3]–[5], genetic algorithms [6]–[9],
clustering techniques [10]–[12], and Kalman filtering [13],
[14]. Typically, gradient-descent-based algorithms (e.g., back-
propagation) are used for the adaptive learning of fuzzy-model
parameters [15]. Slow convergence, poor generalization, noise
sensitivity, and loss of interpretability are main drawbacks
of these algorithms. A robust backpropagation was intro-
duced by Chen and Jain [16] to resist the noise effects, and
Wang et al. [17] introduced a robust objective function. The
issue of stability has been addressed by Yu and Li [18] to
suggest a stable learning algorithm.

The problem of adaptive learning of fuzzy models is ill-posed
[19], and regularization is suggested a general method to obtain
stable and well-behaved solutions [19]–[21]. However, the cru-
cial choice of regularization parameter is usually not obvious
and application dependent. Wang and coworkers [22]–[23] use
projection operator to keep the parameter estimates bounded.
Also, different modifications (e.g., switching σ modification,
e1 modifications, parameter projections, and dead zones [24])
could be used in order to render robustness in the learning of
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fuzzy models [25]. Despite the above cited work on the subject
of robust adaptive fuzzy learning, we feel the following needs.

1) There is a need to take into account that fuzzy learning is
an ill-posed problem.

2) The issues, such as data uncertainties and modeling
errors, should be considered mathematically in a sensi-
ble way without making any assumption and requiring
a priori knowledge of upper bounds, statistics, and distri-
bution of data uncertainties and modeling errors.

The above two concerns are relatively easy to address if the
membership functions are kept constant and only the linear
parameters (consequents) are tuned, since a large body of liter-
ature is available that deals with the robust estimation of linear
parameters. There are mainly two approaches to the estimation
of linear parameters: least squares estimation and H∞-optimal
estimation. The main contribution of this paper is to address the
above listed concerns by extending the well-developed linear
estimation theory (least squares estimation and H∞-optimal
estimation) to the particular structure of nonlinear fuzzy models
in a deterministic framework. Sugeno-type fuzzy inference sys-
tems combine simplicity with good analytical properties [26],
and allow qualitative insight into the relationships [27]–[30].
Therefore, we have considered the problem of robust adaptive
learning of a Sugeno-type fuzzy inference system.

II. SUGENO FUZZY INFERENCE SYSTEM

Let us consider an explicit mathematical formulation of a
Sugeno-type fuzzy inference system that assigns to each crisp
value (vector) in input space a crisp value in output space.
Consider a Sugeno fuzzy inference system (Fs : X → Y ),
mapping n-dimensional input space (X = X1 ×X2 × · · · ×
Xn) to one-dimensional real line, consisting of K different
rules. The ith rule is in the form

If x1 is Ai1 and x2 is Ai2 · · · and xn is Ain, then y = ci

for all i = 1, 2, . . . ,K, where Ai1, Ai2, . . . , Ain are non-
empty fuzzy subsets of X1,X2, . . . , Xn, respectively, such
that the membership function µAij

: Xj → [0, 1] fulfills∑K
i=1

∏n
j=1 µAij

(xj) > 0 for all xjεXj , and values c1, . . . , cK
are real numbers. The different rules, by using “product” as
conjunction operator, can be aggregated as

Fs(x1, x2, . . . , xn) =

∑K
i=1 ci

∏n
j=1 µAij

(xj)∑K
i=1

∏n
j=1 µAij

(xj)
. (1)

We assume that xj belongs to a nonempty real intervals, i.e.,
xj ∈ [aj , bj ] for all j = 1, . . . , n. Let us define a real vector θ
such that the membership functions can be constructed from
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the elements of vector θ. To illustrate the construction of the
membership functions based on knot vector (θ), consider the
following examples.
1) Trapezoidal Membership Function: Let θ = (a1, t

1
1, . . . ,

t2P1−2
1 , b1, . . . , an, t

1
n, . . . , t

2Pn−2
n , bn), such that for ith in-

put, ai≤ t1i ≤· · ·≤t2Pi−2
i ≤ bi holds ∀ i = 1, . . . , n. Now,

Pi trapezoidal membership functions for ith input (µA1i
,

µA2i
, . . . , µAPii

) can be defined as

µA1i
(xi, θ) =


1, if xi ∈

[
ai, t

1
i

]
−xi+t

2
i

t2
i
−t1

i

, if xi ∈
[
t1i , t

2
i

]
0, otherwise

µAji
(xi, θ) =



xi−t2j−3
i

t2j−2
i

−t2j−3
i

, if xi ∈
[
t2j−3
i , t2j−2

i

]
1, if xi ∈

[
t2j−2
i , t2j−1

i

]
−xi+t

2j
i

t2j
i

−t2j−1
i

, if xi ∈
[
t2j−1
i , t2ji

]
0, otherwise

µAPii
(xi, θ) =


xi−t2Pi−3

i

t
2Pi−2
i

−t2Pi−3
i

, if xi ∈
[
t2Pi−3
i , t2Pi−2

i

]
1, if xi ∈

[
t2Pi−2
i , bi

]
0, otherwise.

2) Gaussian Membership Functions With Unit Dispersion:
Let θ = (a1, t

1
1, . . . , t

P1−2
1 , b1, . . . , an, t

1
n, . . . , t

Pn−2
n , bn), such

that for ith input, ai ≤ t1i ≤ · · · ≤ tPi−2
i ≤ bi holds for all

i = 1, . . . , n. For ith input, Pi Gaussian membership func-
tions assuming unit dispersion (µA1i

, µA2i
, . . . , µAPii

) can be
defined as

µA1i
(xi) = e−(xi−ai)

2

µAji
(xi, θ) = e−(xi−tji)

2

µAPi
i(xi) = e−(xi−bi)

2
.

The total number of possible K rules depends on the number
of membership functions for each input, i.e., K = Πn

i=1Pi,
where Pi is the number of membership functions defined over
ith input. For any choice of membership functions (which
can be constructed from a vector θ), (1) can be rewritten as
a function of θ

Fs(x1, x2, . . . , xn) =
K∑
i=1

ciGi(x1, x2, . . . , xn, θ)

Gi(x1, x2, . . . , xn, θ) =

∏n
j=1 µAij

(xj)∑K
i=1

∏n
j=1 µAij

(xj)
.

Let us introduce the following notation: α = [ci]i=1,...,K ∈
RK , x = [xi]i=1,...,n ∈ Rn, G = [Gi(x, θ)]i=1,...,K ∈ RK .
Now, the above expression becomes Fs(x) = GT (x, θ)α. In
this expression, θ is not allowed to be any arbitrary vector,
since the elements of θ must ensure the following:

1) in case of trapezoidal membership functions

ai ≤ t1i ≤ · · · ≤ t2Pi−2
i ≤ bi ∀i = 1, . . . , n (2)

2) in case of Gaussian membership functions

ai ≤ t1i ≤ · · · ≤ tPi−2
i ≤ bi ∀i = 1, . . . , n (3)

to preserve the linguistic interpretation of fuzzy rule base
[31]. In other words, there must exist some εi > 0 for all i =
1, . . . , n, such that for trapezoidal membership functions

t1i − ai ≥ εi
tj+1
i − tji ≥ εi for all j = 1, 2, . . . , (2Pi − 3)

bi − t2Pi−2
i ≥ εi.

The above inequalities can be written in terms of a matrix
inequality cθ ≥ h (as those in [19], [21], and [32]–[34]). Hence,
the output of a Sugeno-type fuzzy model

Fs(x) = GT (x, θ)α, cθ ≥ h

is linear in consequents (i.e., α) but nonlinear in antecedents
(i.e., θ).

III. MOTIVATION FOR DETERMINISTIC

LEARNING OF FUZZY

Let us consider the fuzzy identification of a time-varying
process y(k) = fk(x(k) + δxk) + δyk, using a Sugeno-type
fuzzy model. The identification data consist of sequence
{x(j), y(j)}kj=0, and data uncertainties {δxj , δyj}kj=0 are
unknown but bounded signals. We assume that there exist
some optimum parameters of a Sugeno fuzzy model, say
(α∗

k, θ
∗
k, cθ

∗
k ≥ h), to approximate the time-varying process:

y(k) = GT (x(k) + δxk, θ∗k)α
∗
k + δyk, cθ

∗
k ≥ h. Given the

identification data {x(j), y(j)}kj=0, we want to estimate the
parameter sequence {α∗

j , θ
∗
j , cθ

∗
k ≥ h}kj=0, in the presence of

uncertainties {δxj , δyj}kj=0, without making any assumption
and requiring a priori knowledge of upper bounds, statistics,
and distribution of signals. Let us denote the estimation
strategy by E and estimated parameters by {αj , θj}kj=0, i.e.,
{αj , θj}kj=0 = E({x(j), y(j)}kj=0).

In the literature of neural networks and fuzzy modeling,
instantaneous-gradient-based algorithms (such as backpropa-
gation) are probably the most commonly used techniques for
the adaptive learning of nonlinear model parameters. It is
obvious that any choice of estimation strategy (e.g., gradient
descent) will induce a transfer operator TE from data uncertain-
ties {δxj , δyj}kj=0 to the estimation errors {GT (x(j), θ∗k)α

∗
k −

GT (x(j), θj)αj}kj=0{
GT(x(j), θ∗k)α

∗
k−GT(x(j), θj)αj

}k
j=0

=TE
(
{δxj , δyj}kj=0

)
.

An ideal estimation strategy E∗ would be obviously the one
that results in the zero value of estimation errors, no matter
what the uncertainties are. However, in practical problems, it is
almost impossible to design an ideal estimation strategy since
uncertainty signals are unknown. Therefore, we are concerned
to choose an estimation strategy that is least sensitive to the
uncertainties, i.e.,

min
E

max
{δxj ,δyj}k

j=0

Estimation Error Energy
Energy of Uncertainties

.
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In other words, the estimation strategy should minimize the
maximum possible value of energy gain (from uncertainties
to the estimation errors). Such an estimation strategy (being
called as robust) will safeguard against the worst case effect of
uncertainties on estimation performance. Also, the robust esti-
mation strategy must be designed in a deterministic framework,
since we want to accommodate all possible uncertainties and
we do not have any a priori knowledge of the upper bounds,
statistics, and distribution of uncertainty signals. One important
requirement on the estimation strategy is that the interpretabil-
ity of fuzzy model during the identification of membership
functions should remain preserved. There would be a total
loss of interpretability if (2) and (3) do not hold good, since
in this case, membership functions constructed from the knot
sequence would not have any linguistic interpretation. Thus,
we must constrain our estimation strategy to ensure that cθj ≥
h, j = 0, . . . , k. Therefore, we are motivated to develop robust
algorithms for the adaptive learning of nonlinear (in terms of
membership function parameters) interpretable fuzzy models in
a deterministic framework. The next part of the paper presents
two different robust fuzzy estimation strategies and their de-
terministic robustness analysis. The first estimation strategy is
based on H∞-optimal criterion, where H∞ norm of a transfer
operator, which maps the uncertainties to estimation errors,
is minimized. The second one is based on the classical least
square estimation criterion. Our aim is to achieve robustness not
only against data uncertainties but also against other unknown
disturbance, e.g., time variation of process parameters, and
deviation of initial guess from true values.

IV. MATHEMATICAL FORMULATION

Let us consider the fuzzy approximation of any time-varying
physical process described at kth time instant by

y(k) = fk (x(k) + δxk) + δyk (4)

where δxk is the uncertainty present in input vector x(k),
δyk is the uncertainty in output measurement y(k), and fk
is an unknown function, to be identified by an interpretable
fuzzy model. At this end, consider that the data uncertainties
(δxk, δyk) and unknown function fk(·) are bounded, therefore
it is always possible to define a time-varying unknown signal
nk based on (4), such that y(k) = fk(x(k)) + nk. Assume
that there exists an interpretable Sugeno-type fuzzy model,
say (α∗

k, θ
∗
k) with cθ∗k ≥ h, for approximating the process.

Therefore

y(k) = GT (x(k), θ∗k)α
∗
k + nk. (5)

Given the uncertain input–output identification data set {x(j),
y(j)}kj=0, we are concerned to estimate the fuzzy parameter
sequence {(α∗

j , θ
∗
j), cθ

∗
j ≥ h}kj=0, say {(αj , θj), cθj ≥ h}kj=0.

A. H∞-Optimal Estimation

For the H∞-optimal estimation of fuzzy parameter
causal sequence {(α∗

j , θ
∗
j), cθ

∗
j ≥ h}kj=0, we try to min-

imize the H∞ norm of a transfer operator mapping
the unknown disturbances {µ−1/2(α∗

0 − α−1), q−1/2{α∗
j+1 −

α∗
j}kj=0, µ

−1/2
θ {θ∗j − θj−1}kj=0, {nj}kj=0} to the estimation er-

rors {GT (x(j), θ∗j)α
∗
j −GT (x(j), θj)αj}kj=0. Here, the para-

meter µ > 0 reflects a priori knowledge as to how close α∗
0

is to initial guess α−1, the parameter q > 0 reflects a priori
knowledge as to how fast α∗

k varies with time, and the pa-
rameter µθ > 0 reflects a priori knowledge as to how close
the parameters {θ∗j}kj=0 are to the initial guess {θj−1}kj=0.
Mathematically, we want to solve the following min−max
estimation problem (shown at the bottom of the page), where
the estimation strategy {(αj , θj)}kj=0 and unknown sequences
({α∗

j+1 − α∗
j}kj=0, {θ∗j}kj=0, {nj}kj=0) are causal.

B. Least Squares Estimation

Consider the fuzzy modeling of the time-varying unknown
processes as

α∗
k+1 =α∗

k + δα
∗
k

y(k) =GT (x(k), θ∗k)α
∗
k + nk

where the unknown quantity δα∗
k can be regarded as the process

noise. Now, our concern is to estimate the unknown vectors
(α∗

k, θ
∗
k) and to track its variation with time k. This will be

done via solving a regularized least squares estimation problem.
We formulate the problem of constrained estimation of para-
meters α∗

0, {δα∗
j}kj=0, {θ∗j}kj=0 as the solution to the following

quadratic problem:

[α0, {δαj}, {θj}] = arg min
[α∗

0 ,{δα∗
j},{θ∗j}]

[
Jk,

{
cθ∗j ≥ h

}]
Jk =q−1

k∑
j=0

‖δα∗
j‖2

+ µ−1
θ

k∑
j=0

‖θ∗j − θ0j‖2+ µ−1‖α∗
0 − α−1‖2

+
k∑
j=0

∣∣y(j)−GT
(
x(j), θ∗j

)
α∗
j

∣∣2

min
{(αj ,θj),cθj≥h}

max
{α∗

0 ,{α∗
j+1−α∗

j},{θ∗j ,cθ∗j ≥h},{nj}}
Tk

Tk =

∑k
j=0

∣∣GT
(
x(j), θ∗j

)
α∗
j −GT (x(j), θj)αj

∣∣2
µ−1 ‖α∗

0 − α−1‖2 +
∑k

j=0

(
q−1

∥∥α∗
j+1 − α∗

j

∥∥2 + µ−1
θ

∥∥θ∗j − θj−1

∥∥2 + |nj |2
)
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subject to the constraint α∗
j+1 = α∗

j + δα
∗
j , where the pa-

rameters {θ0j}kj=0 are initial guess about {θ∗j}kj=0, α−1

is an initial guess about α∗
0, the unknown sequences

({δα∗
j}kj=0, {θ∗j}kj=0, {nj}kj=0) and the estimation strategy

{α0, δαj , θj}kj=0 are causal. The positive parameters (µ, µθ, q),
as stated above, penalize the initial guess about some true
fuzzy-model parameters and speed of their variation. The
above least square estimation criterion will be shown robust
to unknown disturbances in the latter part of the paper. The
least square approach to the adaptive estimation of nonlinear
parameters has been already explored in the literature of state
space filtering (see, e.g., [35] and [36]).

V. H∞-SUBOPTIMAL ESTIMATION

Let us solve a suboptimal H∞ estimation problem. That
is, given a scalar γ ≥ 0, find a causal estimation strategy
{αj , θj , cθj ≥ h}kj=0 that achieves (6), shown at the bottom
of the page, for any vector α∗

0 and for all causal sequences
({nj}kj=0, {α∗

j+1 − α∗
j}kj=0, {θ∗j , cθ∗j ≥ h}kj=0). If we are only

concerned to estimate the linear parameters (i.e. {αj}kj=0), then
the standard results ofH∞ linear estimation theory can be used
(see, e.g., [37] and [38]). Now, for the nonlinear constrained
fuzzy-model parameter estimation, we extend the H∞ linear
estimation approach by defining an indefinite quadratic form

Jk

({
α∗
j , θ

∗
j

}k
j=0

, {x(j), y(j)}kj=0 , {αj , θj}kj=0

)
=

k∑
j=0

∣∣y(j)−GT
(
x(j), θ∗j

)
α∗
j

∣∣2 + µ−1 ‖α∗
0 − α−1‖2

+ q−1
k∑
j=0

∥∥α∗
j+1 − α∗

j

∥∥2 + µ−1
θ

k∑
j=0

∥∥θ∗j − θj−1

∥∥2

− γ−2
k∑
j=0

∣∣GT
(
x(j), θ∗j

)
α∗
j −GT (x(j), θj)αj

∣∣2 .
Noting nj = y(j)−GT (x(j), θ∗j)α

∗
j , it can be seen that the

suboptimality condition (6) is satisfied, if and only if

Jk

({
α∗
j , θ

∗
j

}k
j=0

, {x(j), y(j)}kj=0 , {αj , θj}kj=0

)
> 0

for any vector α∗
0 and all causal sequences ({α∗

j+1 −
α∗
j}kj=0, {θ∗j , cθ∗j ≥ h}kj=0, {x(j), y(j)}kj=0). Therefore, any
H∞-suboptimal estimation strategy {αj , θj , cθj ≥ h}kj=0 that
achieves a robustness level of γ, for a given fixed data sequence
{x(j), y(j)}kj=0, must ensure that

min
α∗

0 ,{α∗
j+1−α∗

j}k

j=0
,{θ∗j ,cθ∗j ≥h}k

j=0

Jk > 0. (7)

For a given parameter sequence {θ∗j , cθ∗j ≥ h}kj=0, we define

Jmin
k

({
θ∗j
}k
j=0

, {x(j), y(j)}kj=0, {αj , θj}kj=0

)
= min

α∗
0 ,{α∗

j+1−α∗
j}k

j=0

Jk

({
α∗
j , θ

∗
j

}k
j=0

, {x(j), y(j)}kj=0 ,

{αj , θj}kj=0

)
.

That is,

Jmin
k =µ−1

θ

k∑
j=0

∥∥θ∗j − θj−1

∥∥2 + min
α∗

0 ,{α∗
j+1−α∗

j}k

j=0

T1

T1 =
k∑
j=0

∣∣y(j)−GT
(
x(j), θ∗j

)
α∗
j

∣∣2 + µ−1 ‖α∗
0 − α−1‖2

− γ−2
k∑
j=0

∣∣GT
(
x(j), θ∗j

)
α∗
j −GT (x(j), θj)αj

∣∣2
+ q−1

k∑
j=0

∥∥α∗
j+1 − α∗

j

∥∥2
.

Now, any H∞-suboptimal estimation strategy {αj , θj , cθj ≥
h}kj=0, must ensure that

min
{θ∗j ,cθ∗j ≥h}k

j=0

Jmin
k > 0. (8)

For solving the above formulated H∞-suboptimal fuzzy esti-
mation problem, we first need to find the functional value of
Jmin
k by making use of the results of state-spaceH∞ estimation

theory developed in the literature. Therefore, we first give a
brief review of the results from [37].
Theorem 1: Consider a quadratic form

Jk
(
x0, {uj}kj=0, {yj}kj=0

)
= xT0 Π

−1
0 x0

+
k∑
j=0

[
uj

yj −Hjxj

]∗ [Qj Sj

STj Rj

]−1 [
uj

yj −Hjxj

]
(9)

over x0 and {uj}kj=0, subject to the state-space constraints
xj+1 = Fjxj +Gjuj , j = 0, 1, . . . , k. If Π0 > 0, Qj > 0, Rj
is invertible, Qj − SjR−1

j S
T
j > 0 and [Fj Gj ] has a full rank

for all j, then the quadratic forms (9) will have a unique
minimum, if and only if

P−1
j +HT

j R
−1
j Hj > 0, 0 ≤ j ≤ k (10)

where

Pj+1 =FjPjFT
j +GjQjG

T
j −Kp,jRe,jK

T
p,j

P0 =Π0 (11)

∑k
j=0

∣∣GT
(
x(j), θ∗j

)
α∗
j −GT (x(j), θj)αj

∣∣2
µ−1 ‖α∗

0 − α−1‖2 +
∑k

j=0

(
q−1

∥∥α∗
j+1 − α∗

j

∥∥2 + µ−1
θ

∥∥θ∗j − θj−1

∥∥2 + |nj |2
) < γ2 (6)
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with

Re,j = Rj +HjPjH
T
j

and

Kp,j =
(
FjPjH

T
j +GjSj

)
R−1
e,j .

It also follows in the minimum case that Pj+1 > 0 for all 0 ≤
j ≤ k. Also, the minimum value of Jk(x0, {uj}kj=0, {yj}kj=0)
over (x0, {uj}kj=0) is given by

k∑
j=0

(yj −Hj x̂j)TR−1
e,j(yj −Hj x̂j)

x̂j+1 = Fj x̂j +Kp,j(yj −Hj x̂j), x̂0 = 0. (12)

Proof: This is the result of Theorem 6 and Lemma 13
in [37]. �

The minimization problem

min
α∗

0 ,{α∗
j+1−α∗

j}k

j=0

T1 (13)

can be identified as a special case of (9) by considering
for all 0 ≤ j ≤ k, α−1 = 0, Fj = I , Gj = I , xj = α∗

j , Π0 =

µI , yj =
[

y(j)
GT (x(j), θj)αj

]
, Hj =

[
GT (x(j), θ∗j)
GT (x(j), θ∗j)

]
, Qj =

qI, Sj = 0, Rj =
[
1 0
0 −γ2

]
. Let α̂j denotes a vector that

corresponds to a variable x̂j in (12). Here, α̂j should not be
confused with the estimation strategy αj . Note that, it is known
from the results of state-space estimation that α̂j is an H∞-
optimal estimation of α∗

j . However, our concern is to find only
the minimum value of the quadratic form and then to design an
H∞-optimal estimation strategy not only for α∗

j but also for θ∗j .
We can now apply (10), to check whether a minimum exists for
(13). That is, Jk({α∗

j , θ
∗
j}kj=0, {x(j), y(j)}kj=0, {αj , θj}kj=0)

will have a minimum over α∗
0, {α∗

j+1 − α∗
j}kj=0 for all

0 ≤ j ≤ k, iff(
P−1
j +

[
G
(
x(j), θ∗j

)
G
(
x(j), θ∗j

)]
×
[
1 0
0 −γ2

]−1 [GT
(
x(j), θ∗j

)
GT

(
x(j), θ∗j

) ]) > 0 (14)

where P0 = µI and

Pj+1 =Pj + qI − Pj
[
G
(
x(j), θ∗j

)
G
(
x(j), θ∗j

)]
T−1

2

×
[
GT (x(j), θ∗)
GT

(
x(j), θ∗j

) ]Pj
T2 =

[
1 0
0 −γ2

]
+
[
GT

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

) ]
× Pj

[
G
(
x(j), θ∗j

)
G
(
x(j), θ∗j

)]
.

Applying matrix inversion lemma, it implies that

Pj+1=
[
P−1
j + (1− γ−2)G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)]−1
+ qI.

The existence condition according to (14) is given by

P−1
j + (1− γ−2)G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)
> 0,

j = 0, . . . , k. (15)

A sufficient condition for the existence of minimum is given by
following theorem.
Theorem 2: If γ > 1, then for the recursions

Pj+1=
[
P−1
j + (1− γ−2)G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)]−1
+ qI

P0 = µI , the inequality P−1
j + (1− γ−2)G(x(j), θ∗j)

GT (x(j), θ∗j) > 0 holds good ∀j > 0.
Proof: This is a standard result. One possible proof is

stated in Appendix. �
We see that for γ > 1, the existence condition is satis-

fied and so the minimum value of function Jk({α∗
j , θ

∗
j}kj=0,

{x(j), y(j)}kj=0, {αj , θj}kj=0) over α∗
0, {α∗

j+1 − α∗
j}kj=0 can

be calculated using (12). For this, consider

Re,j =
[
1 +GTPjG GTPjG

GTPjG −γ2 +GTPjG

]
where G = G(x(j), θ∗j) has been written because of the space
limitations. Using the block triangular factorization of Re,j and
then finding its inverse, we have

R−1
e,j =

[
1 −GTPjG

1+GTPjG

0 1

]
T−1

3

[
1 0

−GTPjG
1+GTPjG

1

]
T3 =

[
1 +GTPjG 0

0 −γ2 +GT
(
P−1
j +GGT

)−1
G

]
.

Now, the minimum value Jmin
k ({θ∗j}kj=0, {x(j), y(j)}kj=0,

{αj , θj}kj=0) is

Jmin
k =µ−1

θ

k∑
j=0

∥∥θ∗j − θj−1

∥∥2 +
k∑
j=0

TT4 R
−1
e,jT4

T4 =
[

y(j)−GT
(
x(j), θ∗j

)
α̂j

GT (x(j), θj)αj −GT
(
x(j), θ∗j

)
α̂j

]
.

From Theorem 1, α̂0 = 0 and

α̂j+1 = α̂j + Pj
[
G
(
x(j), θ∗j

)
G
(
x(j), θ∗j

)]
R−1
e,jT4.

By substituting the value of R−1
e,j , we have (16), shown at the

bottom of the next page, and

α̂j+1= α̂j +
PjG

(
x(j), θ∗j

) [
y(j)−GT

(
x(j), θ∗j

)
α̂j
]

1 +GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

)
−
PjG

(
x(j), θ∗j

)[
GT(x(j), θj)αj−GT

(
x(j),θ∗j

)
αj
](

1+GT
(
x(j),θ∗j

)
PjG

(
x(j),θ∗j

))(
γ2−GT

(
x(j),θ∗j

)
T5

)
T5=

[
P−1
j +G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)]−1
G
(
x(j), θ∗j

)
αj= α̂j +

PjG
(
x(j), θ∗j

) [
y(j)−GT

(
x(j), θ∗j

)
α̂j
]

1 +GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

) .
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After calculating Jmin
k , we return to the original H∞ fuzzy

estimation problem (8). Therefore, all we have to do is to
choose any causal estimation strategy {αj , θj , cθj ≥ h}kj=0 that
ensures min{θ∗

j
,cθ∗

j
≥h}k

j=0
Jmin
k > 0, where Jmin

k is given by

(16) and the minimization is over causal sequence {θ∗j , cθ∗j ≥
h}kj=0. Before we further minimize Jmin

k with respect to the
causal sequence of parameters {θ∗j , cθ∗j ≥ h}kj=0, let us put a
constraint on the estimation strategy that

αj = Aααj θj = Aθθ
∗
j , j = 0, . . . , k

where Aα and Aθ are some matrices of suitable dimensions
which operate on αj and θ∗j , respectively, to define an esti-
mation strategy (αj , θj). Let the minimization of Jmin

k with
respect to {θ∗j , cθ∗j ≥ h}kj=0, for a given choice of Aα and

Aθ, be denoted by {θAα

Aθ
(j)}kj=0. Let us consider an example

of computing the causal sequence of parameters {θAα

Aθ
(j)}kj=0

when Aα = I and Aθ = I .
Example 1: When Aα = I and Aθ = I , then

{
θII (j)

}k
j=0

= arg min
{θ∗j ,cθ∗j ≥h}k

j=0

k∑
j=0

Ψj

Ψj =

[
y(j)−GT

(
x(j), θ∗j

)
α̂j
]2

1 +GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

)
+ µ−1

θ

∥∥θ∗j − θ∗j−1

∥∥2
(17)

where θ∗−1 denotes the initial guess θ−1

α̂j+1 = α̂j +
PjG

(
x(j), θ∗j

) [
y(j)−GT

(
x(j), θ∗j

)
α̂j
]

1 +GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

)
Pj+1 =

[
P−1
j +(1−γ−2)G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)]−1
+ qI

α̂0 = 0, P0 = µI . Since {θII (j)}kj=0 is a causal sequence,
therefore

θII (0) = argmin
θ

[Ψ0(θ), cθ ≥ h]

Ψ0(θ) =

[
y(0)−GT (x(0), θ) α̂0

]2
1 +GT (x(0), θ)P0G (x(0), θ)

+ µ−1
θ ‖θ − θ−1‖2

α̂0 = 0, P0 = µI . Now, the value (and so the values α̂1, P1)
are fixed. Therefore, the estimation of θII1 follows as

θII (1) = argmin
θ

[Ψ1(θ), cθ ≥ h]

Ψ1(θ) =

[
y(1)−GT (x(1), θ) α̂1

]2
1 +GT (x(1), θ)P1G (x(1), θ)

+ µ−1
θ

∥∥θ − θII (0)∥∥2

and so on follows the estimation of other parameters. Hence,
the parameter sequence {θII (j)}kj=0 can be recursively com-
puted by solving (k + 1) minimization problems, i.e., for j =
0, . . . , k

θII (j) = argmin
θ

[Ψj(θ), cθ ≥ h] (18)

Ψj(θ) =

[
y(j)−GT (x(j), θ) α̂j

]2
1+GT (x(j), θ)PjG(x(j), θ)

+µ−1
θ

∥∥θ−θII (j−1)
∥∥2

α̂j+1 = α̂j+
PjG

(
x(j), θII (j)

)[
y(j)−GT

(
x(j), θII (j)

)
α̂j
]

1 +GT
(
x(j), θII (j)

)
PjG

(
x(j), θII (j)

)
(19)

Pj+1 = qI +
[
P−1
j + (1− γ−2)G

(
x(j), θII (j)

)
×GT

(
x(j), θII (j)

)]−1
(20)

starting with θII (−1) = θ−1, α̂0 = 0, and P0 = µI .
Now, any causal estimation strategy {αj = Aααj , θj =

Aθθ
∗
j}kj=0 is H∞ suboptimal (i.e., achieves a robustness level

of γ > 1) if (21), shown at the bottom of the next page, is sat-
isfied. α̂0 = 0, P0 = µI . There may exist different estimation
strategies that satisfy the said H∞-suboptimal condition [i.e.,
(21)]. One of such estimation strategies is to choose Aα = I
(i.e., αj = αj) and to define the operator Aθ in such a way that
θj = Aθθ

∗
j = θIAθ

(j). This results in

Jmin
k

({
θIAθ

(j)
}k
j=0

, {x(j), y(j)}kj=0 ,
{
αj , θ

I
Aθ

(j)
}k
j=0

)
=

 k∑
j=0

[
y(j)−GT

(
x(j), θIAθ

(j)
)
α̂j
]2

1 +GT
(
x(j), θIAθ

(j)
)
PjG

(
x(j), θIAθ

(j)
)

+ µ−1
θ

k∑
j=0

∥∥θIAθ
(j)− θj−1

∥∥2

 > 0, since Pj > 0

α̂j+1= α̂j+
PjG

(
x(j), θIAθ

(j)
)[
y(j)−GT

(
x(j), θIAθ

(j)
)
α̂j
]

1 +GT
(
x(j), θIAθ

(j)
)
PjG

(
x(j), θIAθ

(j)
)

Jmin
k

({
θ∗j
}k
j=0

, {x(j), y(j)}kj=0, {αj , θj}kj=0

)
=

k∑
j=0

( [
y(j)−GT

(
x(j), θ∗j

)
α̂j
]2

1 +GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

) + µ−1
θ

∥∥θ∗j − θj−1

∥∥2

−
[
GT (x(j), θj)αj −GT

(
x(j), θ∗j

)
αj
]2

γ2 −GT
(
x(j), θ∗j

) [
P−1
j +G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)]−1
G
(
x(j), θ∗j

)) (16)
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α̂0 = 0, and αj = α̂j+1. The choice of operator Aθ that
satisfies

Aθθ
∗
j = θIAθ

(j), for j = 0, . . . , k

is still not clear. We have seen in example 1 that the causal
parameter sequence {θII (j)}kj=0 can be recursively computed
using (18)–(20). Therefore, we motivate the choice Aθ = I
by defining θ∗j = θII (j), i.e., we model the unknown process
[see (5)] as

y(j) = GT
(
x(j), θII (j)

)
α∗
j + nj . (22)

Please note that nj here is also accommodating any mismatch
between θ∗j and θII (j). This modeling of the unknown process
is justified by the definition of θII (j). To see this, note that when
θj = θII (j) and αj = αj , then αj = α̂j+1. Then, it follows
from (18)–(20) that

θj = argmin
θ

[Ψj(θ), cθ ≥ h] (23)

Ψj(θ) =

[
y(j)−GT (x(j), θ)αj−1

]2
1 +GT (x(j), θ)PjG (x(j), θ)

+ µ−1
θ ‖θ − θj−1‖2

αj =αj−1 +
PjG (x(j), θj)

[
y(j)−GT (x(j), θj)αj−1

]
1 +GT (x(j), θj)PjG (x(j), θj)

Pj+1 =
[
P−1
j + (1− γ−2)G (x(j), θj)GT (x(j), θj)

]−1
+ qI

(24)

α−1 = 0, P0 = µI . Using the matrix inversion lemma, it can be
seen that

Pj+1=Pj−
PjG (x(j), θj)GT (x(j), θj)Pj

(1−γ−2)−1+GT (x(j), θj)PjG (x(j), θj)
+ qI.

(25)
The definition of θII (j) given by (23) can be interpreted, as fol-
lows, as the solution of a least square-based adaptive-filtering
problem. Given an initial guess (αj−1, θj−1), we seek to
improve upon θj−1 by incorporating the additional information
that is provided by the new data (x(j), y(j)), via solving a reg-
ularized nonlinear least square estimation problem (23). Thus,
the modeling of the unknown process based on (22) makes
intuitive engineering make sense. Hence, a H∞-suboptimal
estimation strategy that achieves a robustness level of γ > 1
consists of recursive computation of parameters {αj , θj}kj=0

using (23)–(25).

VI. LEAST SQUARE ESTIMATION

Consider a least square optimization problem[
α0, {δαj}kj=0, {θj}kj=0

]
= arg min

[α∗
0 ,{δα∗

j
}k

j=0,{θ∗j }k
j=0]

[
Jk, {cθ∗j ≥ h}kj=0

]

Jk =
k∑
j=0

∣∣y(j)−GT
(
x(j), θ∗j

)
α∗
j

∣∣2 + µ−1‖α∗
0‖2

+ q−1
k∑
j=0

‖δα∗
j‖2 + µ−1

θ

k∑
j=0

‖θ∗j − θ0j‖2 (26)

Jmin
k

({
θAα

Aθ
(j)
}k
j=0

, {x(j), y(j)}kj=0 , {αj , θj}kj=0

)
> 0

Jmin
k

({
θAα

Aθ
(j)
}k
j=0

, {x(j), y(j)}kj=0 ,{αj , θj}kj=0

)
=µ−1

θ

k∑
j=0

∥∥∥θAα

Aθ
(j)−θj−1

∥∥∥2

+
k∑
j=0

[
y(j)−GT

(
x(j), θAα

Aθ
(j)
)
α̂j

]2
1+GT

(
x(j), θAα

Aθ
(j)
)
PjG

(
x(j), θAα

Aθ
(j)
)

−
k∑
j=0

[
GT (x(j), θj)αj −GT

(
x(j), θAα

Aθ
(j)
)
αj

]2
γ2 −GT

(
x(j), θAα

Aθ
(j)
)
T6

T6 =
[
P−1
j +G

(
x(j), θAα

Aθ
(j)
)
GT

(
x(j), θAα

Aθ
(j)
)]−1

G
(
x(j), θAα

Aθ
(j)
)

α̂j+1 = α̂j +
PjG

(
x(j), θAα

Aθ
(j)
) [
y(j)−GT

(
x(j), θAα

Aθ
(j)
)
α̂j

]
1 +GT

(
x(j), θAα

Aθ
(j)
)
PjG

(
x(j), θAα

Aθ
(j)
)

−
PjG

(
x(j), θAα

Aθ
(j)
) [
GT (x(j), θj)αj −GT

(
x(j), θAα

Aθ
(j)
)
αj

]
(
1 +GT

(
x(j), θAα

Aθ
(j)
)
PjG

(
x(j), θAα

Aθ
(j)
))(

γ2 −GT
(
x(j), θAα

Aθ
(j)
)
T6

)
αj = α̂j +

PjG
(
x(j), θAα

Aθ
(j)
) [
y(j)−GT

(
x(j), θAα

Aθ
(j)
)
α̂j

]
1 +GT

(
x(j), θAα

Aθ
(j)
)
PjG

(
x(j), θAα

Aθ
(j)
)

Pj+1 = qI +
[
P−1
j + (1− γ−2)G

(
x(j), θAα

Aθ
(j)
)
GT

(
x(j), θAα

Aθ
(j)
)]−1

(21)
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subject to the constraints

α∗
j+1 = α∗

j + δα
∗
j , j = 0, . . . , k. (27)

Theorem 3: The estimation of parameters {α∗
j , θ

∗
j}kj=0, say

{αj , θj}kj=0, based on the solution of constrained least square
minimization problem (26) subject to the constraints (27), by
taking θ0j = θj−1 (i.e., initial guess of θ∗j is equal to the estimate
of θ∗j−1), follows for all j = 0, . . . , k as

θj= argmin
θ

[Ψj(θ), cθ ≥ h] (28)

Ψj(θ)=

[
y(j)−GT (x(j), θ)αj

]2
1 +GT (x(j), θ)PjG (x(j), θ)

+ µ−1
θ ‖θ − θj−1‖2

αj+1=αj+
PjG(x(j), θj)

[
y(j)−GT (x(j), θj)αj

]
1+GT (x(j), θj)PjG(x(j), θj)

, α0=0

(29)

Pj+1=Pj−
PjG(x(j), θj)GT (x(j), θj)Pj
1+GT (x(j), θj)PjG(x(j), θj)

+ qI, P0=µI.

(30)

Proof: Define

Jmin
k

(
{θ∗j}kj=0, {θ0j}kj=0

)
= µ−1

θ

k∑
j=0

‖θ∗j − θ0j‖2

+ min
α∗

0 ,{δα∗
j}k

j=0

T7

(
α∗

0,
{
δα∗

j

}k
j=0

,
{
θ∗j
}k
j=0

)
T7

(
α∗

0, {δα∗
j}kj=0, {θ∗j}kj=0

)
= µ−1‖α∗

0‖2

+
k∑
j=0

∣∣y(j)−GT
(
x(j), θ∗j

)
α∗
j

∣∣2 + q−1
k∑
j=0

‖δα∗
j‖2.

Now, the causal estimation strategy {αj , θj}kj=0 is given as

{θj}kj=0=arg min
{θ∗

j
}k

j=0

[
Jmin
k , {cθ∗j ≥ h}kj=0

]
(31)

[
α0, {δαj}kj=0

]
=arg min

α∗
0 ,{δα∗

j
}k

j=0

T7

(
α∗

0, {δα∗
j}kj=0, {θj}kj=0

)
,

subject to α∗
j+1=α

∗
j + δα

∗
j , j = 0, . . . , k. (32)

The functional value Jmin
k ({θ∗j}kj=0, {θ0j}kj=0) can be computed

using Theorem 1. The minimization problem minα∗
0 ,{δα∗

j
}k

j=0

T7(α∗
0, {δα∗

j}kj=0, {θ∗j}kj=0) can be identified a special case
of quadratic form (9) by considering for all 0 ≤ j ≤ k,
Fj = I,Gj = I, xj = α∗

j ,Π0 = µI,Qj = qI, Sj = 0, Rj = 1,
uj = δα∗

j , yj = y(j),Hj = GT (x(j), θ∗j). The existence con-
dition (10) follows as

P−1
j +G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)
> 0, 0 ≤ j ≤ k

Pj+1=Pj−
PjG

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)
Pj

1+GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

)+qI, P0 = µI

which, using matrix inversion lemma, can be written as

Pj+1=
[
P−1
j +G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)]−1
+ qI, P0 = µI.

It can be seen using Theorem 2 for γ = ∞ that existence
condition P−1

j +G(x(j), θ∗j)G
T (x(j), θ∗j) > 0 holds good for

0 ≤ j ≤ k. Let α̂j denote a vector that corresponds to a vari-
able x̂j in (12). Now, the minimum value according to (12)
is given as

k∑
j=0

[
y(j)−GT

(
x(j), θ∗j

)
α̂j
]2

1 +GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

)
α̂j+1= α̂j+

PjG
(
x(j), θ∗j

)[
y(j)−GT

(
x(j), θ∗j

)
α̂j
]

1 +GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

) , α̂0=0

(33)

and thus

Jmin
k

(
{θ∗j}kj=0, {θ0j}kj=0

)
=

k∑
j=0

[
y(j)−GT

(
x(j), θ∗j

)
α̂j
]2

1+GT
(
x(j), θ∗j

)
PjG

(
x(j), θ∗j

)
+ µ−1

θ

k∑
j=0

‖θ∗j − θ0j‖2.

Let us choose for all j = 0, . . . , k, θ0j = θj−1, where θ−1 is an
initial guess about θ∗0. Since the minimization in (31) is over
a causal sequence, therefore, the parameters {θj}kj=0 can be
recursively computed as

θj= argmin
θ

[Ψj(θ), cθ ≥ h] (34)

Ψj(θ)=

[
y(j)−GT (x(j), θ) α̂j

]2
1 +GT (x(j), θ)PjG (x(j), θ)

+ µ−1
θ ‖θ − θj−1‖2

α̂j+1= α̂j+
PjG(x(j),θj)

[
y(j)−GT (x(j),θj)α̂j

]
1+GT (x(j), θj)PjG(x(j), θj)

, α̂0=0

(35)

Pj+1=Pj−
PjG(x(j),θj)GT (x(j),θj)Pj
1+GT (x(j), θj)PjG(x(j), θj)

+ qI, P0=µI.

(36)

Once the parameters {θj}kj=0 have been computed using
(34)–(36), the computation of consequent parameters fol-
lows from (32). The solution of (32) is given by the well-
known extended recursive least squares (RLS) algorithm
(see [39] and [40])

αj+1 =αj+
PjG (x(j), θj)

[
y(j)−GT (x(j), θj)αj

]
1 +GT (x(j), θj)PjG(x(j), θj)

, α0=0

Pj+1=Pj−
PjG(x(j), θj)GT (x(j), θj)Pj
1+GT (x(j), θj)PjG(x(j), θj)

+qI, P0=µI.

We see that α̂j = αj and thus the parameters {αj , θj}kj=0 could
be recursively computed as (28)–(30). �
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The use of least square estimation criterion is most common
and has a long history in engineering fields [41]. However,
we still would like to explore the robustness properties of
least square estimation in a deterministic framework. For this,
assume that the time-varying process could be modeled as

α∗
j+1 =α∗

j + δα
∗
j (37)

y(j) =GT (x(j), θj)α∗
j + nj (38)

where θj is given by (28) and nj accommodates any mismatch
between θ∗j and θj . If we take αj as an estimate of α∗

j in (37) and
(38), then an instantaneous estimation error is given as es(j) =
GT (x(j), θj)α∗

j −GT (x(j), θj)αj . Also, we have

y(j)−GT (x(j), θj)αj = es(j) + nj . (39)

Theorem 4: For a model of (37) and (38), the estimation of
α∗
j using (29) and (30) ensures an upper bound on the value of

energy gain from the unknown disturbances to the estimation
errors, such that for all {α∗

0, {δα∗
j}kj=0, {nj}kj=0}∑k

j=0

∣∣GT (x(j), θj)α∗
j −GT (x(j), θj)αj

∣∣2
µ−1‖α∗

0‖2 + q−1
∑k

j=0 ‖δα∗
j‖2 +

∑k
j=0 |nj |2

≤(1 +
√
u)2

u = 1 +max
j
GT (x(j), θj)PjG (x(j), θj) .

Proof: To derive this result, we follow the approach of
[42], where the H∞ bounds for least square estimators have
been derived. Consider a minimization problem

min
{α∗

0 ,{δα∗
j
}k

j=0}
D
(
α∗

0, {δα∗
j}kj=0, {x(j), y(j), θj}kj=0

)
D
(
α∗

0, {δα∗
j}kj=0, {x(j), y(j), θj}kj=0

)
= µ−1‖α∗

0‖2+ q−1
k∑
j=0

‖δα∗
j‖2+

k∑
j=0

∣∣y(j)−GT(x(j), θj)α∗
j

∣∣2
subject to α∗

j+1 = α∗
j + δα

∗
j . The minimum value of this cost

function, as calculated in Theorem 3, follows from (33) (by
replacing θ∗j with θj and noting that α̂j = αj) as

∑k
j=0([y(j)−

GT (x(j), θj)αj ]2)/(1 +GT (x(j), θj)PjG(x(j), θj)). Now,
for any (α∗

0, {δα∗
j}kj=0, {x(j), y(j), θj}kj=0), we have

D ≥
k∑
j=0

[
y(j)−GT (x(j), θj)αj

]2
1 +GT (x(j), θj)PjG (x(j), θj)

≥ 1
u

k∑
j=0

[
y(j)−GT (x(j), θj)αj

]2
.

Using (38) and (39), we have

µ−1‖α∗
0‖2 + q−1

k∑
j=0

‖δα∗
j‖2+

k∑
j=0

|nj |2≥
1
u

k∑
j=0

[es(j)+nj ]
2 .

(40)

Since u > 1 (due to Pj > 0), therefore[
es(j)√
1 +

√
u
+
(√

1 +
√
u

)
nj

]2

≥ 0

1
1 +

√
u
|es(j)|2 + (1 +

√
u)|nj |2 + 2es(j)nj ≥ 0.

Therefore, [es(j)+nj ]2 ≥ (
√
u/(1+

√
u))|es(j)|2 −

√
u|nj |2

and, thus, (40) results in

µ−1‖α∗
0‖2 + q−1

k∑
j=0

‖δα∗
j‖2 +

k∑
j=0

|nj |2

≥ 1√
u

(
1

1 +
√
u

) k∑
j=0

|es(j)|2 −
1√
u

k∑
j=0

|nj |2.

Now, it can be seen using the above inequality that

k∑
j=0

|es(j)|2 ≤ (1 +
√
u)2

×

µ−1‖α∗
0‖2 + q−1

k∑
j=0

‖δα∗
j‖2 +

k∑
j=0

|nj |2
 .

Hence∑k
j=0

∣∣GT (x(j), θj)α∗
j −GT (x(j), θj)αj

∣∣2
µ−1‖α∗

0‖2 + q−1
∑k

j=0 ‖δα∗
j‖2 +

∑k
j=0 |nj |2

≤ (1 +
√
u)2.

�
Remark 1: The RLS algorithms used in literature for the

estimation of linear parameters can be seen as a particular case
of recursions (29) and (30) with q = 0. For q > 0, it is a special
case of extended RLS algorithm [40].

VII. ALGORITHM AND FURTHER REMARKS

We present a Gauss–Newton method-based algorithm for
theH∞-suboptimal estimation of fuzzy-model parameters [i.e.,
expressions (23)–(25)] that could be modified for least square
estimation [i.e., expressions (28)–(30)] without loss of any
generality. The algorithm consists of the following steps.

1) Choose α−1 = 0, θ−1, c, h, µ > 0, µθ > 0, q > 0, γ > 1,
P0 = µI , and j = 0.

2) Define

rH(θ) =


[
[y(j)−GT (x(j),θ)αj−1]2

1+GT (x(j),θ)PjG(x(j),θ)

]1/2

[
µ−1
θ

]1/2 (θ − θj−1)


and let s∗(θ) be the unique solution of the following con-
strained optimization problem solved by the algorithm
suggested in [43]:

s∗(θ) = argmin
s

[
‖rH(θ) + r′H(θ)s‖2 ; cs ≥ h− cθ

]
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where r′H(θ) is the Jacobian matrix of vector rH with re-
spect to θ determined by the method of finite differences.
The Jacobian r′H(θ) is a full-rank matrix, as a result of
using regularization.

3) Compute

θj = θj−1 + s∗(θj−1)

αj =αj−1 +
PjG (x(j), θj)

[
y(j)−GT (x(j), θj)αj−1

]
1+GT (x(j), θj)PjG (x(j), θj)

Pj+1 =Pj −
PjG (x(j), θj)GT (x(j), θj)Pj

(1−γ−2)−1+GT(x(j), θj)PjG (x(j), θj)
+qI.

4) j := j + 1 and go to step 2).
A matlab code was developed to implement the above al-

gorithm. The constrained linear least square problem has been
solved by transforming it first to a least distance programming
(see [43] for details). To solve the least distance program-
ming problem, a simple algorithm based on matlab routine
“lsqnonneg,” was developed. The average time in seconds
required for the one pass of algorithm on a Pentium 2.53-GHz
computer was approximately equal to (number of rules in fuzzy
model/4000).

We have considered a deterministic framework to study the
robust adaptive fuzzy-identification problem. The framework
provides a possibility of developing different new robust adap-
tive model identification algorithms. To illustrate this, consider
the following examples.

A. Robust Adaptive Identification of Semilinear Models

We have considered for simplicity a zero-order Takagi–
Sugeno fuzzy model. However, it is straightforward to apply
the developed techniques to the robust identification of any
semilinear model with linear inequality constraints, e.g., first-
order Takagi–Sugeno fuzzy models, radial basis function (RBF)
neural networks, B-spline models, etc. Our approach is valid
for any model characterized by parameter set Θ such that Θ =
Θl ⊕Θn, y = GT (x,Θn)Θl, cΘn ≥ h.

B. Exponentially Windowed Adaptive Fuzzy Identification

method to account for time variations in the linear identi-
fication literature is to exponentially weight the data with a
forgetting factor 0 < λ < 1. A larger weight is given to more
recent data than the earlier ones. To use an exponential window
in least square fuzzy-model optimization, we solve

[α0, {δαj}, {θj}] = arg min
[α∗

0 ,{δα∗
j
},{θ∗

j
}]

[
Jk, {cθ∗j ≥ h}

]

Jk =
k∑
j=0

λk−j
∣∣y(j)−GT

(
x(j), θ∗j

)
α∗
j

∣∣2
+ µ−1λk+1 ‖α∗

0‖2+q−1
k∑
j=0

λk−j
∥∥δα∗

j

∥∥2

+ µ−1
θ

k∑
j=0

λk−j
∥∥θ∗j − θ0j∥∥2

subject to the constraints α∗
j+1 = α∗

j + δα
∗
j . The solution in this

case will be given as

θj = argmin
θ

[Ψj(θ), cθ ≥ h] (41)

Ψj(θ) =

[
y(j)−GT (x(j), θ)αj

]2
1 + λ−1GT (x(j), θ)P jG (x(j), θ)

+ µ−1
θ ‖θ − θj−1‖2

αj+1 =αj+
λ−1P jG (x(j), θj)

[
y(j)−GT (x(j), θj)αj

]
1 + λ−1GT (x(j), θj)P jG (x(j), θj)

(42)

P j+1 =
1
λ

[
P j −

λ−1P jG (x(j), θj)GT (x(j), θj)P j

1 + λ−1GT (x(j), θj)P jG (x(j), θj)

]
+qI

(43)

α0 = 0, P 0 = µI . Similarly, an exponential window could
be used for H∞-suboptimal fuzzy identification. Further, a
variable-forgetting-factor strategy could be adopted for an au-
tomatic tradeoff between fast parameter tracking (small λ) and
good noise suppression (large λ) [44].

VIII. SIMULATION STUDIES

The proposed approach to the adaptive learning of fuzzy
models is applied to the examples of adaptive system
identification, time-series prediction, and estimation of
an uncertain process. The simulation studies consider: 1)
H∞-suboptimal estimation for γ = 1.1; 2) H∞-suboptimal
estimation for γ = 2; and 3) least squares estimation. Our
methods are compared with the most commonly used gradient-
descent technique for the adaptive learning of nonlinear
parameters. A gradient-descent-learning law seeks to decrease
the value of the objective function based on the instantaneous
error Er(α, θ, k) = (1/2)[y(k)−GT (x(k), θ)α]2. A gradient-
descent-learning law, for estimating the parameter set Θk =
[αTk θ

T
k ]
T , has the form Θk = Θk−1 − µ(∂Er(Θ, k)/∂Θ)Θk−1 ,

where µ is a step size. During the gradient-descent learning
of membership functions, in the presence of disturbances,
the knots may attempt to come close to (or even cross) one
another, thus leading to a loss of interpretability and learning
performance. Thus, for a better performance of the gradient-
descent learning, the knots must be prevented from crossing
one another by modifying the learning law as

Θk =

{
Θk−1 − µ

(
∂Er(Θ,k)

∂Θ

)
Θk−1

, if cθk ≥ h

Θk−1, otherwise.

Let us first consider the fuzzy identification of a process
described as

y = f(x, p) =
−10x
2p+ x2

+ p2 tanh(x), x ∈ [−0.5, 2.5]

(44)

where the parameter p is time varying. The process is simulated
for t = 0 to t = 40 as x(t) = −0.5 + |3 sin 10t|, and parameter
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p varies with time as

p(t) =


1.5, 0 ≤ t < 10
2, 10 ≤ t < 20
1, 20 ≤ t < 30
1.5, 30 ≤ t < 40.

(45)

The identification data are generated by sampling the
process with a sampling period of T = 0.01. The uncertain
input–output identification data are obtained by generating the
sequence {(1 + δxk)x(kT ), (1 + δyk)y(kT )}k=0,1,..., where
δxk and δyk are random entries, chosen from a normal distri-
bution with zero mean and 0.01 variance. The instantaneous
absolute estimation error (AE) at kth sampled time in-
stant is defined as AE(k) = (1/300)

∑300
j=1 |f(xj , p(0.01k))−

GT (xj , θk)αk|, where the points {xj}300
j=1 are uniformly

distributed in [−0.5,2.5]. AE(k) indicates the instantaneous
estimation performance at kth sampled time instant. The es-
timation performance, however, over a considered time span
(t = 0 to t = 40) can be assessed by defining, e.g., the energy
of estimation-error signal AE as

∑4000
k=0 |AE(k)|2. A smaller

value of estimation-error energy indicates the smaller values
of squared instantaneous AE during the considered time span
and vice versa. A good estimation strategy corresponds to
small values of {AE(k)}Nk=0 and, hence, a small value of
estimation-error energy

∑N
k=0 |AE(k)|2 during the time span of

k = 0 to k = N . Thus, the performances of different estimation
strategies, over the considered time span, can be compared by
computing their estimation-error energies.

Consider a fuzzy model with four Gaussian-shaped member-
ship functions with an initial guess of θ−1 = [−0.5 0.5 1.5 2.5].
We choose c and h in a way that two knots must be separated at
least by a distance of 0.1. For a fair comparison of different
techniques, same step-size µ = µθ = 0.05 is taken for all.
For H∞-suboptimal and least square estimation, let us take
q = 0.001. Fig. 1 shows the simulation results where AE(k)
is plotted with time index k. The adaptation of knot sequence
vector θk with time index k has been shown in Fig. 2. It was
indicated in Fig. 2 that knot curves come close to one another
but remain separated at least by a distance of 0.1 (as a result
of interpretability constraints). Thus, in case the interpretability
constraints are not put, the knot curves may cross one another
resulting in a total loss of interpretability and performance. A
comparison of different estimation strategies has been shown in
Table I.

Consider a four-dimensional example to predict the fu-
ture values of a chaotic time series. The time series is
generated by simulating the chaotic Mackey-Glass differen-
tial delay equation, i.e., dx/dt = (0.2x(t− 17)/(1 + x10(t−
17)))− 0.1x(t), x(0) = 1.2, x(t) = 0, for t < 0. A fourth-
order Runge–Kutta method was used for the simulation of the
above equation. The aim of the problem is to predict the value of
x(t+ 6) by using a set of past values i.e., x(t− 18), x(t− 12),
x(t− 6), x(t). The uncertain input–output identification data
are a sequence of 500 elements from t = 118 to t = 617, i.e.,

(1 + δx1k)x(t− 18)
(1 + δx2k)x(t− 12)
(1 + δx3k)x(t− 6)
(1 + δx4k)x(t)

 , (1 + δyk)x(t+ 6)


t=118,...,617

Fig. 1. Plot of instantaneous AE for a time-varying process. (a) Learning
curves from t = 0 to t = 10. (b) Learning curves from t = 10 to t = 20.
(c) Learning curves from t = 20 to t = 30. (d) Learning curves from t = 30
to t = 40.
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Fig. 2. Time variation of parameter θk for different estimation strategies.

TABLE I
COMPARISON OF DIFFERENT ESTIMATION STRATEGIES FOR THE

FUZZY IDENTIFICATION OF A TIME-VARYING PROCESS

TABLE II
COMPARISON OF DIFFERENT ESTIMATION STRATEGIES

FOR A CHAOTIC TIME-SERIES PREDICTION

where δx1k, δx2k, δx3k, δx4k, and δyk are random entries
chosen from a normal distribution with zero mean and 0.01
variance. Let us choose the trapezoidal type of membership
functions such that the number of membership functions as-
signed to each of the four inputs [i.e., x(t− 18), x(t− 12),
x(t− 6), x(t)] is equal to three. Again, we choose c and
h in such a way that two knots must be separated at least
by a distance of 0.01. Define instantaneous AE at index
k as AE(k) = (1/500)

∑1117
t=618 |x(t+ 6)− Fs(k)|, Fs(k) =

GT
(
[x(t− 18) x(t− 12) x(t− 6) x(t)]T , θk

)
αk. We run the

simulations from k = 1 to k = 500, taking µ = µθ = 0.01, and
q = 0.001. The simulation results have been shown in Fig. 3
by plotting AE(k) with k. Table II shows the comparison of
different estimation strategies.

We have considered the fuzzy identification of a time-varying
process (44), where the time variation of the process parameter
p is according to (45). Now, we consider the case that the
process parameter p is uncertain. That is, parameter p is dif-

Fig. 3. Plot of instantaneous AE for a chaotic time series.

ferent at every sampled time instant and takes random values.
Let the uncertain process be described by the following system
of unknown equations:

ξk+1 =
[
0 −0.5
1 1 + 0.3δk

]
ξk + 0.02

[
−6
1

]
wk, ξ0 = 0

p(k) = 1.5 + [ 0.2 0 ]ξk

y(k) =
−10x(k)

2p(k) + x2(k)
+ p2(k) tanh (x(k)) + 0.02v(k)

where δk, wk, v(k) are random entries chosen from a uni-
form distribution on the interval [−1,1], and x(k) is cho-
sen from a uniform distribution on the interval [−0.5,2.5].
The aim is to filter the noise v(k) from measurement y(k)
to estimate the signal s(k) = (−10x(k)/(2p(k) + x2(k))) +
p2(k) tanh(x(k)), using a fuzzy model. Thus, the estimation
error is given as AE(k) = |s(k)−GT (x(k), θk)αk|. The prob-
lem of estimating the state vector ξk in the above system using a
measurement signal yk = Cξk +Dvk, given the knowledge of
system equations and (C,D), has been studied in the literature
of robust filtering (see, e.g., [45]). Our concern, however, is
to estimate a nonlinear function of ξk using {x(j), y(j)}kj=0,
but without any knowledge of system equations. Again, we
consider a fuzzy model with four Gaussian-shaped membership
functions with an initial guess of θ−1 = [−0.5 0.5 1.5 2.5].
The interpretability constraints are so chosen that the two knots
must be separated at least by a distance of 0.1. Let us take µ =
µθ = 0.9. The process is simulated from k = 0 to k = 1000
at different values of q ranging from q = 0.01 to q = 10. For
comparing the different estimation strategies, the estimation-
error energy

∑1000
k=0 |AE(k)|2 has been computed and plotted in

Fig. 4 for different values of q. Fig. 4 shows that, at a given
value of step-s ize µ, robust techniques perform better at higher
values of q. This, as expected, is due to the fact that q reflects
a priori knowledge as to how fast the process parameters vary
with time. Therefore, for fast varying processes, a higher value
of q should be taken and vice versa.

The above simulation results (Tables I and II and Fig. 4)
have clearly shown that the proposed learning methods of
fuzzy models in a deterministic framework have a better per-
formance than the gradient descent in the presence of data
uncertainties and modeling errors. The better performance of
H∞-suboptimal (corresponding to γ = 1.1) estimation strategy
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Fig. 4. Plot of estimation-error energy of different estimation strategies for an
uncertain process.

is obviously due to the robust nature of H∞ optimization
theory, since H∞ fuzzy estimation strategy has been derived
via bounding the energy gain (from disturbances to estimation
errors) by a value γ. The performance of an estimation strate-
gies in a time-varying environment can be further improved by
using an exponential window. As an illustration, we study the
least square estimation strategy (41)–(43) with λ = 0.99 for
the above defined adaptive fuzzy-identification problem. The
estimation-error energy in this case, as expected, is lowered
from 406.19 (λ = 1) to 353.13 (λ = 0.99).

IX. CONCLUSION

This study has outlined a deterministic approach to the robust
adaptive fuzzy identification of time-varying processes based
on H∞-optimization and least square estimation criterion. The
main contributions are as follows.

1) Unlike many ad hoc approaches to the learning of fuzzy
models, this study rests upon a mathematical basis for
addressing the issues of the data uncertainties, modeling
errors, and time variations.

2) The study proposes new fuzzy learning algorithms that
are robust against data uncertainties, modeling errors, and
time variations.

3) The study offers a new opening to know how to develop
the robust adaptive fuzzy-identification algorithms in a
“rigorous” manner by extending the robust linear estima-
tion theory to the nonlinear interpretable fuzzy models.

APPENDIX

Define P̂j = [P−1
j + (1− γ−2)G(x(j), θ∗j)G

T (x(j), θ∗j)]
−1

and consider the minimum eigenvalue of matrix (P̂j−1)−1. To
do this, use the fact that λmin(P̂−1

j−1) = minuTu=1 u
T P̂−1

j−1u.
Therefore, for every j, we can determine a vector u0 ε R

K

with uT0 u0 = 1, such that λmin(P̂−1
j−1) = uT0 P̂

−1
j−1u0. Substitut-

ing P̂−1
j−1, we have λmin(P̂−1

j−1) = uT0 P
−1
j−1u0 + uT0 (1− γ−2)

G(x(j − 1), θ∗j−1)G
T (x(j − 1), θ∗j−1)u0. If we assume that

γ > 1 and P−1
j−1 > 0, then uT0P

−1
j−1u0 > 0 and hence

λmin

(
P̂−1
j−1

)
> (1− γ−2)

∣∣GT
(
x(j − 1), θ∗j−1

)
u0

∣∣2 > 0.

The above inequality implies that

λmax(P̂j−1) <
1

(1− γ−2)
∣∣GT

(
x(j − 1), θ∗j−1

)
u0

∣∣2
and therefore

1
q+λmax(P̂j−1)

>
(1− γ−2)

∣∣GT
(
x(j − 1), θ∗j−1

)
u0

∣∣2
q(1− γ−2)

∣∣GT
(
x(j − 1), θ∗j−1

)
u0

∣∣2+1
.

Since Pj = P̂j−1 + qI , therefore λmin(P−1
j )=1/λmax(P̂j−1 +

qI) = 1/(q + λmax(P̂j−1)). Thus

λmin

(
P−1
j

)
>

(1− γ−2)
∣∣GT

(
x(j − 1), θ∗j−1

)
u0

∣∣2
q(1− γ−2)

∣∣GT
(
x(j − 1), θ∗j−1

)
u0

∣∣2 + 1
.

(46)
For any nonzero vector α ∈ RK , consider

αT
[
P−1
j + (1− γ−2)G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)]
α

= αTP−1
j α+ (1− γ−2)

∣∣GT
(
x(j), θ∗j

)
α
∣∣2

≥ λmin

(
P−1
j

)
‖α‖2 + (1− γ−2)

∣∣GT
(
x(j), θ∗j

)
α
∣∣2 .

Using (46), it follows that αT [P−1
j + (1− γ−2)G(x(j), θ∗j)

GT (x(j), θ∗j)]α > ((1 − γ−2|GT (x(j − 1), θ∗j−1)u0|2‖α‖2)/
(q (1− γ−2) |GT (x(j − 1), θ∗j−1)u0|2 + 1)) + (1− γ−2)|GT

(x(j), θ∗j)α|2 and, therefore

αT
[
P−1
j + (1− γ−2)G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)]
α > 0

for all nonzero α ∈ RK . This implies that

P−1
j + (1− γ−2)G

(
x(j), θ∗j

)
GT

(
x(j), θ∗j

)
> 0.

Thus, we see that if P−1
j−1 > 0 for γ > 1, then P−1

j + (1−
γ−2)G(x(j), θ∗j)G

T (x(j), θ∗j) > 0 and P−1
j > 0 [from (46)].

Since P−1
0 > 0, therefore, by induction, the theorem is proven.
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[11] R. Babuška, Fuzzy Modeling for Control. Boston, MA: Kluwer, 1998.
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