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A Robust Design Criterion for Interpretable
Fuzzy Models With Uncertain Data

Mohit Kumar, Associate Member, IEEE, Regina Stoll, and Norbert Stoll

Abstract—We believe that nonlinear fuzzy filtering techniques
may be turned out to give better robustness performance than the
existing linear methods of estimation (H and H °° filtering tech-
niques), because of the fact that not only linear parameters (con-
sequents), but also the nonlinear parameters (membership func-
tions) attempt to identify the uncertain behavior of the unknown
system. However, the fuzzy identification methods must be robust
to data uncertainties and modeling errors to ensure that the fuzzy
approximation of unknown system’s behavior is optimal in some
sense. This study presents a deterministic approach to the robust
design of fuzzy models in the presence of unknown but finite un-
certainties in the identification data. We consider online identifi-
cation of an interpretable fuzzy model, based on the robust so-
lution of a regularized least-squares fuzzy parameters estimation
problem. The aim is to resolve the difficulties associated with the
robust fuzzy identification method due to lack of a priori knowledge
about upper bounds on the data uncertainties. The study derives
an optimal level of regularization that should be provided to en-
sure the robustness of fuzzy identification strategy by achieving an
upper bound on the value of energy gain from data uncertainties
and modeling errors to the estimation errors. A time-domain feed-
back analysis of the proposed identification approach is carried out
with emphasis on stability, robustness, and steady-state issues. The
simulation studies are provided to show the superiority of the pro-
posed fuzzy estimation over the classical estimation methods.

Index Terms—H *-optimality regularization, interpretability,
least-squares, [ -stability, min-max identification, normalized
least mean squares algorithm (NLMS) algorithm.

. INTRODUCTION

ANY real-world physical processes are generally char-
acterized by the presence of nonlinearity, complexity and
uncertainty. These processes cannot be represented by linear
models used in conventional system identification [1]. The capa-
bility of fuzzy systems paradigm for not only learning complex
input-output mappings but also to interpret these mappings with
linguistic terms stimulates the study of approximating ill-de-
fined and complex processes using a fuzzy inference system.
Therefore, the fuzzy identification of nonlinear systems
from input-output data has become an important topic of
scientific research with a wide range of applications [2]-[9]. A
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large number of techniques have been developed for the fuzzy
identification of nonlinear systems from measured input-output
data. These techniques can be grouped into three approaches
and their combinations: ad-hoc data covering approaches
[4], [10]), neural networks ([6], [11]), and genetic algorithms
[9], [12]-[14]. However, these methods do not consider the
situations when the training data is uncertain. Regularization
was suggested as a method for improving the robustness of
fuzzy identification scheme in [7], [15], and [16]. However,
the choice of regularization parameter is usually not obvious
and application dependent. An iterative method for the robust
(min-max) identification of fuzzy parameters with uncertain
data, was suggested in [3], by solving an equivalent optimally
regularized identification problem. However, the method is of-
fline and requires a priori knowledge about upper bounds on the
data uncertainties. At present, the literature lacks robustness,
stability, and steady-state analysis of online fuzzy identification
methods that don’t require the knowledge of upper bounds on
uncertainties, in the deterministic or stochastic framework. We
consider the fuzzy identification problem for a special class of
fuzzy systems (Sugeno type fuzzy systems), since they ideally
combine simplicity with good analytical properties [17]. Also,
if we take into account the appropriate restrictions in terms
of interpretability, the data-driven construction of Sugeno
fuzzy systems allows qualitative insight into the relationships
[18]-[21].

This paper starts with the mathematical formulation of
Sugeno type fuzzy systems and considers the fuzzy parameters
estimation with uncertain data, based on the robust solution
of a regularized least-squares problem. By a robust solution
we mean one that attempts to alleviate the worst-case effect of
data uncertainties on fuzzy parameters estimation performance.
However, the knowledge of an upper bound on the values of
data uncertainties is needed to compute the robust solution of
fuzzy parameter estimation problem. Therefore, we consider in
particular, the derivation of a robust fuzzy identification method
that does not require a priori knowledge about upper bounds on
the data uncertainties, by providing a suitable choice of regular-
ization parameters. The proposed method is shown to be robust
and stable by providing a time-domain feedback analysis. The
analysis highlights and exploits an intrinsic feedback structure,
mapping the data uncertainties to the estimation errors. The
optimal choice of regularization parameters is motivated by the
robustness analysis of the mapping that can be associated with
the proposed method of fuzzy parameters estimation.

The performance of a fuzzy parameter estimation scheme
should be measured with its transient behavior and its
steady-state behavior. The transient behavior is characterized
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Fig. 1. Trapezoidal membership functions.

by the stability and convergence rate whereas the steady-state
behavior provides information about the mean-square-error
once it reaches steady-state. In particular, the paper performs
transient analysis in a purely deterministic framework without
assuming a priori statistical information and steady-state
analysis is carried out under the often realistic statistical
assumptions.

In the field of estimation theory, the classical linear least-
mean-squares (or H?2) estimation techniques and robust esti-
mation methods (such as H°°), are considered as two extremes
in terms of their goals. The H? estimation techniques, under
certain statistical assumptions on the signals, minimize the ex-
pected estimation error energy. On the other hand, robust esti-
mation methods, safeguard against the worst-case uncertainties
and therefore make no assumptions on the statistical nature of
signals. Therefore, the feasibility of proposed fuzzy estimation
strategy is shown through simulation studies by its comparison
with the existing extreme methods of estimation (22 and H°).

Il. SUGENO FuzzyY INFERENCE SYSTEM

Let us consider the problem of tuning a Sugeno fuzzy infer-
ence system (Fs, : X — Y'), mapping n-dimensional input
space (X = X; x Xo x --+ x X,,) to one dimensional real line,
consisting of K different rules. The ** rule is in the the form:
Ifzqyis A;;and xo is A;s ... and x,, is A;,, then y = «;; forall
1=1,2,..., K, where A;1, Ao, ..., A;, are nonempty fuzzy
subsets of Xy, Xo, ..., X, respectively, such that membership
functions 4, : X; — [0, 1] fulfill Y75 TT0_, o, () > 0
for all ; ¢ X;. The values ay, o, ..., ax are real numbers.
So, we have

I
Zi;1 Qg H?:l KA, (‘TJ)
K n .
D Hj:l pa,; ()
We assume that =; belongs to a nonempty real intervals i.e.
Tje€ [(lj,b]'] for a“_] =1,...,n.
We define a real vector # such that the membership functions
can be constructed from the elements of vector 4. To illustrate

FS($17$27"'7$7L): (1)

the construction of membership functions based on knot vector
(6), consider the following examples.

a) Trapezoidal membership function: Let § = (ay,
P2 byt 122 b)) e RE,
such that for i input, a; < t} < ..... < 7772 < b
holds Vi = 1,...,n. Now, P; trapezoidal membership
functions for i*" input (ua,,,pa,,,. -, pa,,,) can be
defined as

17 ifa:ie[ai7t,i1]
2 .
pay (i, 0) = ¢ =30 iy e [t 42
0, otherwise
4 i_tzj—s . i i
W’ if ZI; € I:t,?'] 3,t,?'l 2:|
1, if 2 [t?j‘z.t?j‘l}
ll’Aji(x’i79) = / el o
—l’i-i-t?j

1

ifx; e [t?j_l, fzj]

L 0, otherwise
zi—t, : 2P;—3 ,2P;—2
Lol el if z; € [ti N ]
ifz; e [tgpz_2, bzi|

otherwise

MAPzi(‘I.i79) = 1.

\ 0,

Fig. 1 shows an example with the choice of antecedent
parameters as: a; = 0, tf = 1,7 = 2,1} = 3, = 4,

and b; = 5.
b) Gaussian membership functions with unit disper-
sion: Let = (ar,tl, ... t772 by, an,th, .,

tEn=2b,.) ¢ RE, such that for 4t* input, a; < t} <
... < tFT? < by holds forall i = 1,...,n. Now, P;

Gaussian membership functions assuming unit dispersion
for " input (pua,,, pta,,, - - - ;Map, ;) can be defined as

pay;(m;) = e~ (@imai)?

pa,, (x:,0) = e~ (@i=tl)’

A, () = e_(xi—bi)z

Fig. 2 shows an example with the choice of antecedent
parameters as: a; = 0, t} = 2.5, and b; = 5.

Total number of possible K rules depends on the number of
membership functions for each input i.e. K = II?*_, P;, where
P; is the number of membership functions defined over i*"
input. Depending upon the choice of membership functions,
(1) can be rewritten as function of 4, i.e.,

Fs(x17$27"'

7$n):ZaiGi(xl7x27"'7$n79) (2)

where

H?:l HA;; (x1>
Ve .
>imt H;L=1 tha; (25)

@)

Gi(w1,22,. .., 7p,0) =

Let us introduce the notation
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Fig. 2. Gaussian membership functions.

a = [og],y g€ RE, z = [Tiliy, n e R" G =
[Gi(,0)]

i € R™. Now, it can be written that

i=1,..

F.(z) = GT(z,0)a. @)

Hence, the output of above defined type of fuzzy inference
system comes out to be linear in consequent parameters but
nonlinear in antecedent parameters. Expression (4) is a general
representation that allows also to include multivariate member-
ship functions. That is, if we consider a fuzzy model

Ri:IfzisA;theny =, i=1,..., K

such that antecedent fuzzy set A; is defined by a multivariate
membership function in the product-space domain of the vector
x € R™, then we could define

Now, for example, Gaussian-type multivariate membership
functions can be defined as

AR

Ha; (‘T) =exp | — O'?

where o; > 0 and || - || denotes the Euclidean norm. In this case,
we have

Ha; (J})

K
Fy(z) = a;G;(x,0), where G;(z,0) = —————
2 iy ()

and, hence

F.(z) = G"(z,0)a.
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I11. RoBUST ONLINE FUZZY IDENTIFICATION

Let us consider a nonlinear system, mapping n-dimensional
input vector = ¢ R™ to one-dimensional real line, described by
following unknown equation:

y = f(x).

Our aim is to identify the previous nonlinear system
using an interpretable Sugeno type fuzzy model from
uncertain  input-output identification data  sequence
{1+ dzp)z(k), (1 + 0yr)y(k) b peo 1, - Here, oz is the
multiplicative uncertainty present in input vector z(k), and
dyy is the uncertainty present in output measurement y(k).
A practical assumption about the uncertainty 6y, present in
y(k) is that the inequality |dyx| < 1 holds good. That is, the
uncertainty present in the output measurement (k) is less than
100%.

Assume that, (o, 6°) is the true value of unknown fuzzy
parameters, which approximate the nonlinear system, then we
have

[1+ 6yly(k) = GT ([1 + bz1)z(k), 6°) .

If we denote the additive uncertainties as Az = dx.z(k) and
v(k) = —byi.y(k), then

y(k) = GT (z(k) + Az, 6°) a° + v(k). (5)

Note that v(k) also includes modeling errors. If G, is the un-
certainty vector in regression vector due to uncertainty Ay, in
x(k), then we have
y(k) = [G (x(k),6°) + 5G] " ® + v(k)

where 6G, = G(z(k) + Axy, 0°) — G(z(k),0°), is some un-
known bounded function of z(k), Az, and #°. The vector §G,
is bounded due to the fact that each element of vector G(-) has a
positive value between zero and one and sum of all its elements
is equal to one [see (3)]. Therefore

16G|| = ||G (z(k) + Az, 0°) — G (x(k),6°) | < 1.

Assume that we already have estimation of fuzzy parameters
(a®,6°) at time k, say (ax—1, 0x—1). Given the new measure-
ments {z(k),y(k)}, one can seek to improve the estimate of
(a,0°), by solving

min max
{ar,0c} {6Gr,v(k)}

2
+8G)a—v(k)| + Bl — k1 ||* +Be |0k — Oi—1 ||

I (s Oi), J (e, ) = |y(k) = (G(x(k), Or)

where (31, 32) are the regularization parameters. Also, we want
to preserve the interpretability of fuzzy system during learning.
So the membership functions can be prevented from overlap-
ping by imposing some constraints on the position of knots, for
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instance, in case of trapezoidal membership functions the con-

straints can be formulated, i.e., foralli =1,...,n
tr—a; >
>, forallj=1,2,...,(2P —3)

b — 2772 > ¢

These constraints can be formulated in term of a matrix in-
equality cf,, > h (as in [3], [5], [7], [16], [22]). Let n and
7, be the upper bounds on 6G} and v(k) respectively (i.e.,
16Ge|l < n,|v(k)| < n,). Now, the robust online identifica-
tion problem is reduced to
[J(oz;w Hk), 09k Z h] y J(Oék., Hk)
2
= |y(k) = (G (x(k), 01) + 8Gx) " s — (k)

+ Billak — ar—1]|* + Ba|0k — Or—1]|*. (6)

Define the quantities
=) — Qg1
e(0r) = y(k) — GT (x(k), 1) s
u(k) =6GT (a + ap_1) + v(k)
()

man max
{01} |6G k|| <n,|v(k)[<ne

=nla+ ar1]| + 10

T
P(a) = n+4) a+ ag_1].
() ( FOIEECT A

The optimization problem (6) can be shown to be equivalent to
[J(a7 gk)a el > h] s J(O{, gk)

man max
{01} [u(k) | <D ()

= y(k)=GT (x(k), 1) a=GT (ax(k), b1) cvp—1 —u(k)|
+ Bulled|? + Ballbr — i Y

To show the equivalence of problems (6) and (7), we define for
a given value of «,

Zo = {212 = 6G} (a + ar—1) + v, [|8Ge]| < . |or] < 70}
and

2

Uy = {u:|ul < ' (a)}.

If z € Z,, then it follows from the triangle inequality of norms
that z e U,,. Conversely, if u e U,,, then define for a given w the
perturbations

n
oG =
() (77||a+04k1||+77v>

( ) nvu

v (u) = .

k 77||Ol+ak 1||+7]1)

Then ||6Gk(u)|| < 7, |vg(u)] < 1y, and u = 5G£(u)(a +
ag—1) + vg(u) so ) that u Z,. Hence,

w(a+ ag_1)
o + a1 ]

Z,=U,.

This shows that two variables (6G, vy) in problem (6) can be
replaced by a single variable w(k) in (7). Problem (7) can be
rewritten as

min  maz [J(a,0); 0> h],J(a, b)) |GT k),0r)
{a.0x} Ju(k)|<@Ha)

—e(0k)+u(k)]*+Bil|l* + Bl 10k = Oh—a 1. (8)

Since each element of vector GT'(x(k) + Axy, 0;) corresponds
to the normalized firing strength of a rule (3), having any non-
negative value less than one and sum of all elements of vector G
is equal to 1, therefore, ||GT (z(k) + Ay, )| < 1. It follows
from (5) that

|GT ((k) + Az, 6°) | > |y(k)| — |v(k)] .

Therefore, a reasonable condition on the estimate («ay, 6) of
(a®,0°) is that it should also satisfy

|GT (a(k) + Az, Ox) x| 2 [y (k)] = [v(k)]-

This implies that

|G (x(k) + Az, 0k)|| okl > |GT (x(k) + Az, 01) o]
> |y(k)| = |v(k)].

Noting ||GT (z(k) + Axy, 0:)|| < 1, we have

ekl > |y (k)| = |v (k)]

Since by definition v(k) = —dyx.y(k), ||0yx| < 1, therefore

ekl > |y(k)| = |v(k)] > 0, for y(k) # 0. ©)

This implies that

7711
T+ Tadl S BT T

(n+ 2 awh < (4 o) e

d'(a) <®(a).

We find that the minimum value of ®(«) is equal to ®!(«).
Therefore, there is no harm, so far as robustness is concerned,
in solving a more conservative optimization problem

man max
{a,01} [u(k)|<2(a)

—e(0k)+u(k)*+ B [ll® + B2 10k — x|

[T (e, O1),cO,>R], T (o, 0x)=|GT (x(k), Or)x

(10)

The advantage for solving a more conservative problem is that
the measurement noise uncertainty v (k) can be seen as an equiv-
alent additional uncertainty of 7, /(Jy(k)| — |v(k)|) in the re-
gression vector uncertainty n, and that would allow the explicit
solution of the optimization problem. Let

R (0, 05, u(k)) = |G (2(k), ) o — e(8x) + u(k)|”.
For any fixed values of parameters («, 6y, ), we consider the max-

imization problem

Cla,0r) = mazx

a, 0, u(k)).
(N oy B (0 O ulE))

For constant («, 6y), the cost function R(c, 0, u(k)) is convex
in u(k), so that the maximization over u(k) is achieved at the
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boundary, |u(k)| = ®(«). Therefore, the previous constrained
optimization problem can be reformulated by introducing a non-
negative Lagrange multiplier Ay, as follows:

max R (a, 0, u(k)) —

fulk) X A (Ju(b)] - 9%(@)).

Let \¢ and u°(k) be the optimal solution of above optimization
problem obtained by differentiating the cost function with re-
spect to w and A; which satisfy the equations

(A —1)u (k) =GT (x(k), 01) a—e(6r), and [u(k)]= ().

Also the solution A should satisfy Ay > 1. This is because the
hessian of the cost function w.r.t. u(k) must be nonpositive—def-
inite. Now, the maximum cost C'(«, 6;,) becomes

C(a,()k):(1+()\"—1 ) |GT (w(k), 08) o — e(61)|

where
o 0, ifa=1
(A =1)" = w7, otherwise
Noting that |u’(k)] = @(a), ie, ®(a) = (A — 1)
G"(2(k),0r)or — e(0r)], C(ev, 0, can be expressed as
Clas0) = (14 (¢ - 1))

x |GT (x(k), 01) @ — e(8x)|” + X392 ().

The original problem (10) is, therefore, equivalent to

min} [C’(aﬁk) + Billa||* + G20k — Or_1]?, cbr > h] )

{a,61

Let us introduce a three-variable cost function C'(«, 0, A1) as
C(a,Hh)\l) = (1 + ()\1 - 1)T)
x |GT ((k), 0k) @ — e(8r)|” + X D*(a).

Then, it can verified that
A = arg gnzn1 C(a, Ok, \1).
Thus, the original min—-max problem becomes equivalent to

min  [J(«a, 0k, A1);c0k > h], J(a, Ok, A1)
{60, 0>1}

=C(a, 0k, A1)+ ﬂ1||06||2 + 52|60k — 9k—1||2~

Now, to find the minimum of cost function .J(«, 6, A1) over
a, the gradient of J(«, 6, A1) with respect to « is set to zero,
resulting in

[T + (1+ (A = D)) G (x(k), 0x) GT (x(k),01)] o
+%)\1V¢2(Oé) = (1 + (/\1 — 1)T) G (:U(k)7 9k> e(Hk)

Let o® be the optimal solution obtained by solving the previous
equation, which obviously is a function of 6, and A1, so we write

(11)

a® = a®(0r, A1), (0, A1) = J(a°, 0k, A1),

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 14, NO. 2, APRIL 2006

Now, the optimization problem is reduced to

[\1/<0]“ )\1); ch. Z }L] .

man
{6k, A1 2>1}

Let us define a measure of total data uncertainty nr as

nr = <W+m)

sothat ®(«) = nr|la+ak_1]| and VO2(a) = 202 (a+ag_1).
Note from (9) that nr is always positive and bounded for any
nonzeros output measurement (k). Now, solving for a® from
(11), we get

a® (B, A1) = -t

[(Br+ A7) I+ (14 (A — 1)) GGT]
x [(1+ (M = 1)) Ge(8) —

It should be noted that G = G(z(k), 81). Applying matrix in-
version lemma and then after some algebra, we get (assuming
Al > 1)

a0k, A1) = <

)\177%(%—1] .

—nrh Y
Brtamg)

y(k) - (,[?14»/3)31773,) GTak_l
(B + Minz) (M — 1) + M ||G]?

G.

+X\;

Let us substitute the aforementioned value of a°(6, A1) into
J(a®, 0k, A1) and then simplify to get

A1
= 6,10, — A
Pallfn Bt )

[1GT a1 = (B + Ming) y(k)]z + ﬂlﬁ%“akﬂF] )

U (0, A1) Or_1 > +

(Br+ Mimz) (A — 1) + M [|G[2
Hence, the estimation equations can be written as
O

_ . >
arg{erﬁlgl} [U(6,A1);c6 > h)
\Ij(e/\l)
A1 A1
=ﬂz||9—9k—1||2+mﬂ1%|lak 117 +m
|31GT (2(k),8) c—1 — (B + AinF) y(k )l

(B + AinZ) (A — 1) + M |G (2(k), )|
and

e (2o
' B1 + Mk -

y(k)— (ﬁ) GT (x(k), 1) v
1 7 I 5G (z(k), Or) -
(Bi+Anz) (M —=1)+ A ||G (z(k), 01)||

Thus, we see that a priori knowledge of parameter ;- is required
for the computation of parameters («y, 6) using the previous
estimation equations. However, in a practical situation, nr can
not be computed because of the lack of knowledge about noise
signal magnitude (i.e., |n(k)|). Therefore, our concern in the
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next section is to estimate the fuzzy model parameters without
a priori knowledge of nr.

IV. RoBUST ONLINE Fuzzy IDENTIFICATION WITHOUT
A PRIORI KNOWLEDGE OF 71

It is observed through repeated simulation studies that the
function ¥ (4, A\, ) tend to reach its minimum value at arguments
A, that are generally close to 1. Therefore, a practical approxi-
mation for the optimal A\ istosetitcloseto 1,say A\; = 1+-¢, for
some tuning parameter € > 0. Let us choose sufficiently higher
value of regularization parameter 3; such that 31 + A\1n% = ;.
With these approximations of A\; = 1+, and 3; + An2 = f,
the estimation equations are reduced to

0 = arg n%in [U(6);ch > h]

(1+)81 |GT (2(k), 0) agr — y(k)|”
e+ (1+9) |G (x(k), )]
+ (1 +Onpllag—1l* + B0 — Or—1?

U(h) =
(12)
and

(1+©) [y(k)—GT (w(k),b1) k1] G (a(k), b))
@B+ (1+0) |G (x(k), ) |I”

ap=ap—1+

(13)

Now, the question is whether the estimation of fuzzy param-
eters using [see (12) and (13)] is robust to data uncertainties.
If yes, then is it possible to justify the estimation scheme in a
more “rigorous” manner. To answer these questions, we provide
a time-domain feedback analysis to investigate the stability, ro-
bustness, and steady-state behavior of the estimation scheme.
The analysis is motivated by the ideas presented in [23], where
gradient-based adaptive schemes were considered. Let us as-
sume that nonlinear system can be modeled as

y(k) = G (a(k). 0k) o + v (k)

where v!(k) includes not only the data uncertainties, but also
the error resulting from a difference between 6, and 6°. We
define the following error measures for our analysis: &, denotes
the difference between o and its estimate ax, ar = o —
ag, and e, (k) denotes the a priori estimation error, e, (k) =
GT (x(k), 0k)as—1. It follows from (13) that

1+€

1
€61 + (14 79)||Gxl? [ea(k) + ' (K)] Gk (14)

Qp = Qp_1 —

where we write G, = G(z(k), ) for simplicity. Let e, (k)
denotes the a posteriori estimation error, e, (k) = G . Using
(14), we have

(149G (k)
Bt roneeE &

_ Eﬂlea(k)
€A1+ (1 +9)[|Grl]?

ep(k)

v' (k) e, (k)
lG.| a1+ E)"Gk "2 |G|
— —_—

2

B, +1+9)|G,|

B, +a+o)|G

Fig. 3. Time-variant mapping from data uncertainties and modeling error to
the fuzzy estimation error.

We rewrite (13) in the following form:

1+€ 1

= ok k) G

ap =y 1+€ﬂ1+(1+€)||Gk||2 [e (k) + v ( )] k
ca(k) ep(k)
=ap_1 + G, - -2°@G
S TN PR TTe N P
B lea(k) = ep(k)]
=r_1+ —||Gk||2 Gy. (16)

Now, ay can be expressed as

[ea(k) — ep(k)]
Gz O

Qp = Qg1 —

By evaluating the energies (i.e., squared norm) of both sides of
this equation, we obtain

- lea)® e len(B)
e + = [low—1 " + N YY)
1Gl? ' 1Gxl?
In other words
2, lea(®)?
lowll™ + Te- 18)
R
ep(k) _ < e ) ea(k)
1Gell - \€Br + L+ OGP/ (|Gl
_ ( 1 +9lGk? ) vi(k) (19)
e+ (1 +9Gk? ) IGll

Relations (18) and (19) establish a time-variant mapping
from the data uncertainties and modeling error v!(k)/||G|l
to the resulting a priori estimation error e, (k)/||Gkl||, as
shown in Fig. 3. The mapping from {a,_1, —e,(k)/||Gx||} to
{&k, eq(k)/||Gk||}, shown as feedforward gain of the loop in
Fig. 3, is lossless, i.e., it preserves energy (18). Therefor, the
feedforward gain of the loop has (2-induced) norm equal to one
while the feedback loop consists of a gain factor that is equal
t0 &1 /(€1 + (1 + DGl
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A. Stability, Robustness, and Convergence

The feedback structure of Fig. 3 allows us to study the
lo-stability of the system using small gain theorem [24]. The
[o-stability of the system means that it maps a bounded en-
ergy sequence {v!(k)/||Gx||} to a bounded energy sequence
{eq(k)/||Gk||}, established by achieving an upper bound on the
value of energy gain from {v!(k)/||G||} to {e.(k)/||G|}-

For studying I>-stability, robustness and convergence, con-
sider the estimation of fuzzy parameters using [see (12) and
(13)] from time £ = 0 up to time k£ = V. It follows from (18)
that for every time instant &, we have

o A ol
— = —1])F = . 20
G2 k11" — [l + EAE (20)
Therefore
N
S B o~ pax ||2+Z'
k=0 17k
The previous equality implies that
N 2 N 2
|ea (K)] - lep(K)]
< ||la—1|| + 21
2 o Sl 2 e @

From (19), we have

e
2
\/Zk 0 lglkﬂ iii)):rGiH)J)
+\/Ziv—0 €ﬂ1+(1gf;)||ak||2>
Lt Y

Therefore

*lea (k)
1G]l

N Jea(t)
2o [Gn?

G
<||Oé 1||+\/Zk 0 |l/81k-|}|-
N b

+\/Zk—o €m+<1+auakn2>

PIERGIAY
>||Gk||2>

 lea(®)”
Gl
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We define the following:

A(N) = max b
0<k<N | €8y + (1+ 7€) ||G (z(k), 0x)|?
V(N) = max | —LFOIE ((k), 61|
0<k<N | €8y + (1 + 7€) ||G (z(k), 0x)|*
Then

ZN lea(k)[”
k=0 [|G|2
<lla-all+ 9N D2 T

N €a k ?
+A(N) ZFO%

N ea(k)| 02 (K)|
+\/2A(N)7(N)Zk:0 1G]l N1Gll

Since G(-) corresponds to the firing strength of rules, therefore

(22)

inf G (o (k), 60) | =

G (z(k),0)|° = 1,
Sgpll (z(k), 0k)|l : i

where K is the number of elements of vector G, (total number
of fuzzy rules). So

(1479
———— andy(N) < ——————.
S Karare MW s s
The upper bounds on A(N) and v(N), and inequality (22) can
be combined to conclude the equation shown at the bottom of
the next page. That is

A(N) < Keph

N lea(k)
Zk:o NGl < Kep + (1 + E)
N (149 N [ol(k)P B L+¢
la—1ll + 23 V 2k=0 e + P

where

o= (e tn) (st

a3 Lealk
k=0 IIGkII

vi(F)]
||Gk“

Therefore

Tl el

v (O GHEL  fea(b)] 1o (B)
*JZk:o2<<zﬁl+<1+a||ak||2>2> 1GHIl TGl

-1
€ vl (k <
(Eﬁllilﬁ) Il + Zk =0 ||G(k|)||2 + (E,811I1+€) D
K 1+¢€
< KB+ (49 o
41+ (1+7%)
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Now, we establish the [5-stability of the system (shown in
Fig. 3), according to small gain theorem. The small gain the-
orem states that the [5-stability of a feedback configuration re-
quires that the product of the norms of the feedforward and the
feedback operators is strictly bounded by one. For the system of
Fig. 3, the feedforward (2-induced) norm is equal to one while
the feedback 2-induced norm is equal to A(N). Therefore, the
stability condition, A(N) < (KeB1/(KeB + (1 +%))) < 1,
is always satisfied. Inequality (23) explains the robustness prop-
erty of fuzzy estimation scheme in a sense that an [, -stable map-
ping from {v!(k)/||Gk||} to {e.(k)/||Gk||} achieves an upper
bound on the value of energy gain from

1) initial guess deviation from the true value (i.e. ||a_1]|);

2) data uncertainties and modeling errors (i.e. {v'(k)/
IGKII}), to the a priori estimation error {e.(k)/||Gkll},
in the sense of inequality (23).

The term ((1+€)/ (€61 + (1+%))) reflects a priori knowledge
as to how close Y is to the initial guess cr_; and also determine
the learning rate (or step-size) of the estimation algorithm. For
a good initial guess, the value of ((1 + €)/(ef1 + (1 + ¥)))
should be low and vice-versa. This makes our basis of choosing
the regularization parameter ;. Our approach is to choose a
positive number between zero and one, say y11 = (1+¢) /(€61 +
(1 + €)), depending upon a priori knowledge as to how close
a? is to the initial guess a_. So, we have

1+ = m)

- , for0 < pg < 1.
€l1

01 = (24)
We state that the previous choice of regularization parameter 5,
is optimal, since it results in an /-stable mapping by achieving
a robustness level, given as [from (23)]

SN Tea B
k=0 G4 ]

e <K—(K-1p (25)
T TR [ERVO DANRE rcL = ol
where
N . 1
Dy = 3( K(1 - ) ) Zlea(lollv (B
p \K (L= 1)+ )\ = IGell [1Gll

In order to study the convergence properties of the fuzzy es-
timation scheme, we ignore the term »!(k) and assume that
y(k) = GT(x(k),0k)a". In this case, (19) is reduced to

W) (Yl
G|l b1+ (1+9))IGel? ) Gkl

Using (20) and the previous equality for the optimal choice of
(1 given by (24), we have
\ lea(B)*
1GxII?

(26)
Expression (26) shows the convergence property in a sense that
consequent fuzzy parameters estimation energy (||ax|?) is a
nonincreasing function of time index k. A higher value of pa-
rameter i results the higher rate of decrease of error energy.
However the higher value of 11 may results in higher value of
steady-state error that we will show in the next section.

11—
L— iy + pa||Grl|?

el = G2 - (1 - \

B. Steady-State Analysis

This section is concerned with the steady-state error analysis
of the fuzzy estimation strategy defined by (12) and (13), for the
optimal choice of regularization parameter 3; = ((1 + €)(1 —
u1))/€ps, in a stochastic setting. The aim is to determine the
steady-state values of E||c|*], E[eZ (k)], and/or Efe2 (k)]. We
start by substituting 51 (k) from (24) in (13),

M1

(1—p1)
T+ 2 [Ghl?

Introduce the following notation:

ap = p—1 + [y(k) — G} ck—1] Gy.

_ y(k) = Giak
L+ $20 G

H1 and f
M1

We use the previous notations to rewrite the equations as

ar = ap—1 + pfrGr, and &, = ar—1 — pfrGr.

Therefore, e, (k) and e, (k) are related by

ep(k) = ea(k) = pll Gl fi- (@7)

Kep; (1479

N ea(R)] vt ()]
+¢2 <K€ﬂl +(1 +E)> (Hﬁ +(1 +€)> 2 ey 1Gal Tl

2

Ky N Jea(k)]
Keh + (179 | e [GHIE
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We take expectation on both sides of (17) to get By assumption A.1), it follows that
2
2 ea)P] _ s e ] Bz = |G (o 2 g et )2
B (lul] + | Lae | = Bl + 2 | ok NGHIPAE] =B | o e (leatk)? + o' (1))
(28) _ (7 e
(L+ ullGil2)*
and replace e, (k) by an equivalent expression (27), which yields 2
P ||Gk|| 0_2 (32)
(L4 pllGel?)?]

Elllaxl’] =E llaw 1 1] + W E[Gl? £7] — 2uElea(k) fi] -

(29)

For the steady-state analysis, we make an often realistic and

heavily used assumption in the field of adaptive filtering (see,

e.g., [25] and [26]) that

A.1) The zero-mean sequence {v'(k)} is independent, iden-

tically distributed and statistically independent of the re-
gressor sequence {Gy}.

Since the fuzzy estimation scheme is stable, it should Using (31) and (33), the steady-state (30) becomes
attain a steady-state where it holds that ’

where o2 = E[[v'(k)|?]. We denote the steady-state mean-
square error by S = E[e2(k)]. Using A.2), and (32), we have

I1Gxl>

E[IG?f2] =B | —=E
| d (14 ullGr)12)?

(S+02). (33

lea(k)]” f |G]? 2
. N . . e | =ZE|—YE 1 (S+62).
dim, B I6nlF] = fim B {llae |- Gl | = 2" [ wanpr) o)
Therefore, (29) becomes in steady state That is
o [ eatB)_
E[eq (k) fi] = gE [1GklI*f2] - (30) S4 o2 = [1+uI\GkH‘} (34)
o E[ 162 ]
.y . . el KEM A BE
Considering the left-hand side of (30) under assumption
A.1), we have We call upon the following approximation:
ea(k) + v (k) 2 )
Ele (k) fu] = E |eq (k)22 22 _lea(B)” lea (k)|
lealk) il [e ®) L+ pllGell? E [1+HHGA-H2} ~ B | TGP
| (]C)|2 E[ [IGrl? :| = M
=B | (31) eGP TGP
L+ pl|Gil?
in which case (34) leads to
Before, we proceed to evaluate the other side of (30), we
introduce the following “asymptotic” assumption.
A.2) The random variables |Gy ||* and e, (k) are asymptoti- G4g? — ZE B2 (1 + plGil?)
cally independent, that is, as k — oo, o = m lea (k)] lG|I*

E [g1 (I1Gk]1?) 92 (ea(k))] = E [g1 (I1GklI*)] E l92 (ea(k))] By assumption A.2), the previous expression is reduced to

where ¢, and g are the functions of random variable. 1
Now, consider S+o, ==5 <u + [—2D .
Gl
) Expressing S in terms of other variables, we get
k) + o' (k)
EIGHPR] = E |G 2<e“(
2
Gl L) §=— 1o (35)
=F | ————— (e.(k) + v'(k))"| - 1 |
(1 + pllGe]?) b+ 2 | iy
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Noting that 1 < (1/|G||*) < K, the upper bound on steady-
sate mean-square error is given by

2
1oy,

S <
p+ 2
_ oy,

= : 36
C— (36)

The previous discussion presents the robustness (25), conver-
gence (26), and steady-state analysis (36), of fuzzy estimation
scheme of (12), (13) for the optimal choice of parameter (3;
given by (24). Until now, we have made no comment about the
choice of other regularization parameter (3. Indeed, the choice
of 3, affects the performance of the estimation scheme through
the terms v'(k), G, and o,, in the expressions (25), (26),
and (36). The derivation of exact mathematical expressions,
showing the effect of 3, on the robustness, convergence, and
steady-state properties does not seem to be an easy job due
to the involved nonlinearities and interpretability constraints.
However, motivated by the optimal choice of 3;, we choose 3
as

se(L+e)(1— p1)
€fi1

where 0 < p1 < 1and sy > 0 is a tuning parameter chosen ac-
cording to the sensitivity of fuzzy output on the shape of mem-
bership functions. If we denote y» = p1/(1 — 1), then for the
optimal choice of 3; and previously suggested choice of 35, the
estimation expressions (12), (13) are reduced to

/32 = 80/31 =

1+€

Uyi(6);c0 > h

0, = arg min
7

_ 167 (@ (k) 0) o —y(k)|”
L+ |G (a(k), 0)|

y(k) — GT (z(k), 01) ar—1
L+ |G (k). 03I

+son” (10— - ||

Uy ()

G (x(k), 0x) .

Qp =1+ [

That is
0 = arg 1?91{1 [U1(0);cl > h] (37)
and
k) — GT (z(k), 6 _
o = Op_1 +/Ly( ) (:E( ) k) O(]; IG(JZ(k)79k)
L+ pl|G (z(k), )|l
(38)

Let
]Q} :
e RTH1L.
[son™']2 (8 — Or—1)
The estimation of 8, by (37) is equivalent to

y(k)=G” (z(k),0) ok 1
1+pul|G(x(k),0) 12

r() = {[

0 = argmgin [||7"(9)||2 ;e > h]

which is a nonlinear constrained optimization problem that can
be solved using Gauss—Newton method. We summarize our dis-
cussion by stating an algorithm for the robust design of an inter-
pretable fuzzy model with uncertain data that does not require
a priori knowledge of upper bounds on data uncertainty. The
algorithm consists of following steps.
1) Choose av_1,6_1,¢, h, u > 0,59 > 0,and & = 0.
[y(k)G%(k),e)ak—l]z} '
1+ul|G(z(k),0)|I7

Lson™M (0 = 6x_1) _
let s*(#) be the unique solution of following constrained
optimization problem solved by the algorithm suggested
in [27]:

=

2) Definer(f) = [ e R+ and

s*(f) = arg min [HT(G) +7'(0)s|?ses > h— 09]

where r/(#) is the Jacobian matrix of vector r with respect
to 6, determined by the method of finite-differences. The
Jacobian 7/(#) is a full-rank matrix, as a result of using
regularization.

3) Compute 0y, = Or—1 + s*(0r—1).

4) Compute

y(k) — GT (:E(k) Hk) A1
L+ pllG (z(k), 60)||*

G (z(k), Ox) .

ap = Q-1+ p

5) k := k + 1 and go to step 2).

V. SIMULATIONS

Now, we provide simulation studies to illustrate the proposed
method of robust fuzzy identification. First, we consider three
different nonlinear system identification problems to compare
our approach with the existing standard techniques. Afterwards,
we validate the steady-state analysis presented in the previous
section. Based on the commonly used estimation methods, that
does not require any priori knowledge of upper bounds, sta-
tistics and distribution of data uncertainties, there may be fol-
lowing approaches to solve the problem.

1) Gradient Descent: In the literature, gradient descent is
a typical estimation method used in neural networks and
fuzzy models, that seeks to decrease the value of the ob-
jective function based on the instantaneous error

B0, 0,k) = % v — GT (21, 0)0]”.

A gradient descent learning law for updating the parame-

ters set O = [3:] has the form

) OE(O, k)

where p is a step-size. It was shown in [28] that the instan-
taneous-gradient-based algorithms (such as backpropaga-
tion) are locally H°°-optimal.
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2) Gradient Descent + RLS: Another common method is to
estimate the nonlinear parameters (antecedents) using gra-
dient-descent and linear parameters (consequents) using
recursive least-squares estimation (RLS). To highlight the
robustness properties of this kind of hybrid training algo-
rithm, assume that nonlinear system can be modeled as

Yk = GT (2k, Or)a’ + v2(k)

where vo(k) includes not only the data uncertainties, but
also the error resulting from a difference between gra-
dient-descent estimated parameters 4 and some true pa-
rameters °. For the estimation of linear parameter o, we
have following results:

H? Adaptive Filtering: If o and the {v2(k)}
are zero-mean, uncorrelated random variables with
variances I > 0 and unity, respectively, then
estimation of o® by RLS algorithm

PrG(xr, 01) (ye — GT (w, Ok )ie—1)
1+ GT(:Ek, ﬁk)PkG(xk Hk)

o = Qg1

where Py, satisfies the (Riccati) recursion

PkG(:L'k, Hk)GT(:Ek, Hk)Pk

Py = P — Py=pul
kel k 1—|—GT($k70k)PkG(xk,9k) 0=#
minimize the expected error energy
il 2
E Z |GT(:L']', Hk)ao — GT(:Ej, Hk)oz]-_1|
j=0
for all k.

3) Gradient Descent + NLMS: Again, we estimate the non-
linear parameters using gradient-descent and model the
nonlinear system as

yr = GT (21, 01)a® + v (k)

where v3(k) includes not only the data uncertainties, but
also the error resulting from a difference between gra-
dient-descent estimated parameters #; and some true pa-
rameters #°. Now, the estimation of a.® according to NLMS
algorithm follows as:

H* Adaptive Filtering: The estimation of o using
H*°-optimal NLMS algorithm

1G(zk, 0%) (ye — GT (zk, Ok )ori—1)
Qp = k-1 + ||2

L+ p||G(w, Ok)
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membership grade
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Fig. 4. Initial membership functions.

minimizes the maximum value of energy gain from
disturbances to estimation error and ensures that

2
25:0 |GT(J}J', Gk)ao - GT(a;j,Hk)aj|
pHla® — a2+ 35 us ()]

for all k.

To compare our method with above three approaches, we con-
sider three different examples.
1) One-Dimensional Example: Consider the fuzzy identifi-
cation of an unknown nonlinear system described by

| =4

y=f(z)= % for z € [-0.5,2.5].
Consider a fuzzy model with 4 gaussian shaped
membership functions with initial guess of 6_; =
[-0.50.5 1.5 2.5]. The initial guess about the membership
functions is shown in Fig. 4. The initial guess «_; is taken
equal to a zero vector. The nonlinear system was simulated
by choosing x from a uniform distribution on the interval
[—0.5,2.5]. The uncertain input—output identification data
is generated by the sequence

(14 6a)a(k), (1+ oy )y(k)} . k=0,1,...
where 6z, Oy, are random entries, chosen from a normal
distribution with mean zero and variance 0.01. To measure
the estimation performance, we define instantaneous abso-
lute estimation error (AE) at time instant k as

1 100 ) )
AB(K) = = 3| f(e?) = G (a7, B
j=1
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membership grade
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Fig. 5. Membership functions at

Learning curves for p = 0.01
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o
<
5aab- b 4
]

Absoulte
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time index k

Fig. 6. Comparison of different techniques for a one-dimensional example.

where the points {:cj}jzly___,mo are uniform distributed in
the one dimensional input space. Let us take . = 0.01,
sg = 20, and choose ¢ and & in such a way that two knots
must be separated at least by a distance of 0.01. Fig. 6
shows the simulation results, where error index AE(k) is
plotted with index k. Fig. 5 shows the identified member-
ship functions and Table | shows the identified rule-base
by the proposed algorithm. Finally, Fig. 7 shows the iden-
tification of the nonlinear system using a fuzzy model.

2) Two-Dimensional Example: Consider an unknown
process described by

10(z1 — 0.5)(z2 — 0.5)
1+ a2+ 23
x1 € [—0.5,2.5], 9 € [-0.5,2.5].

y = f(r1,22) =

TABLE |
A Fuzzy MODEL FOR THE IDENTIFICATION OF
A ONE-DIMENSIONAL NONLINEAR SYSTEM

Rule || Antecedent || Consequent
RI1. If z is Ay, then y is equal to 8.8790
R2. If z is Ag, then y is equal to -0.4035
R3. If x is Ag, then y is equal to -5.9170
R4. If « is Ay, then y is equal to -2.2269

= True Model
o Fuzzy Model

f(x)

Fig. 7. Fuzzy identification of a one-dimensional nonlinear system.

Let us define 2z = [7'] and choose a fuzzy model, having
gaussian type multivariate membership functions, con-
sisting of following rule base:

R; : If zis A; theny = «y, 1=1,...,9
where A; is defined by 8 = [eq, . .., co] Such that
T
T —c
(o) = exp [ -] — ”

The initial guess about membership functions is taken as
(equally spaced):

_1 1 _1 5 5 5
[CT CT]_ 2 2 2 1 1 1 2 2 2
LoeesCI=1 1 5 1 04 5 _1 {1 5

2 2 2 2 2 2

The initial guess «r_; is equal to a zero vector. The system
was simulated by choosing z; and =5 from a uniform dis-
tribution on the interval [—0.5,2.5]. The uncertain input-
output identification data consists of a sequence

{ [(1 + b1k )z (k)

(1+ 51;%)1,2(@} (14 5yk)y(k)}
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on Error AE(K)

Instar
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TABLE Il
A Fuzzy MODEL FOR THE IDENTIFICATION OF A TWO-DIMENSIONAL NONLINEAR SYSTEM
Rule ” Antecedent “ Consequent
T2
. x is Ay (With pa, () = exp(——= - , then y is equal to .

RI. || Ifzis A; (with lo—[=1.1874 —1.2387] ) then y is equal 10.7279
T2

R2. || Ifa s Az (with pay () = exp(-12=E0SGFM00) then y is equalto || 4.1859
T2

R3. || Ifzis A (with pay(z) = exp(—12=[=06797 250001 17y then y is equal to 41373
T2

R4. If z is Ag (with pa, () = exp(— l=—[1.6215 _50'9111] IZ), then y is equal to -4.1171
T2

RS. If ¢ is As (With pag(x) = exp(— "x_[l'5582?215'5987] I ), then y is equal to 1.3610
T2

. z is Ag (With pg.(z) = exp(—+—= - , then y is equal to .

R6 If & is Ag (With pag ll=—(1:2362 2.5000] "y, th 1 3.1228
T2

R7. || Ifais A7 (with pa,(z) = exp(—12=[2:5009 Z0-T128] 10y he y is equal to -4.2831
T2

R8. If x is Ag (With pag(x) = exp(— ||x—[2.50()29215.2029] I ), then y is equal to 2.8771
g

RO. || Ifzis A (with pag(z) = exp(—12=[25000 250001 7 'then y s equal to 3.3584

Learning curves for p = 0.03

T
—— Robust Fuzzy Filtering
—— Gradient Descent

—— Gradient Descent + RLS
— Gradient Descent + NLMS

time index k X 10zi

Fig. 8. Comparison of different techniques for a two-dimensional example.

AE(k) = 1é—0 >

3)

where 6x1x, dxar, and oy, are random, chosen from a
normal distribution with mean zero and variance 0.01.
Again, we define instantaneous absolute estimation error
(AE) at time instant & as

100

7 (doot) - 6™ ([oded] o)

where the points {[z73]7},;=1.. 100 are uniform dis-
tributed in the two-dimensional input space. Let us take
p = 0.03 and s = 20. The simulation results for the
different techniques have been shown in Fig. 8. Table Il
describes the identified rule base using proposed approach
at k£ = 25000.

Chaotic Time Series Estimation: Let us consider a
four-dimensional example to predict the future values
of a chaotic time series. The time series is generated by

i=1

AE(k)

simulating the chaotic Mackey—-Glass differential delay
equation, i.e.,

de  0.2x(t —17)

& ZA 2D ga(t
7 Traogo1n e

with z(0) = 1.2, =(¢t) = 0, for ¢ < 0. Fourth-order
Runge-Kutta method was used for the simulation of above
equation. The aim of the problem is to predict the value of
x(t+ 6) by using a set of past values i.e. [z(t — 18), z(t —
12), z(t — 6), (¢)]. The uncertain input-output identifica-
tion data is a sequence

s (1 + Sy )z(t + 6)
D (t) t=118,...

where 6z15, 0xor, 03k, Ox4; and Sy, are random en-
tries, chosen from a normal distribution with mean zero and
variance 0.01. Let us choose the trapezoidal type of mem-
bership functions such that number of membership func-
tions assigned to each of four inputs (i.e. [z(t — 18), z(t —
12), z(t — 6),z(t)]) is equal to three. Let

T T

T T

0 0 0 0
0.3 0.3 0.3 0.3
0.6 0.6 0.6 0.6
0.9 0.9 0.9 0.9
1.2 1.2 1.2 1.2
1.5 1.5 1.5 1.5

and a1 = (0)s1x1. Define instantaneous absolute esti-
mation error (AE) at index & as

| 10617
= D lw(t+6) = gl
500, _Tois

gr =GT ([a:(t —18)x(t — 12)a(t — 6)2()]” 9k) Q.
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Fig. 9. Comparison of different techniques for chaotic time series estimation.

We run the simulations from £ = 1 to & = 5000, taking

1 = 0.05 and sy = 20. The simulation results have been

shown in Fig. 9 by plotting AE (k) with k.
The aforementioned simulation studies (see Figs. 6, 8, and 9)
clearly show the better robustness properties of the proposed
algorithm in comparison to other techniques, since the bottom
curve in all three cases refers to robust fuzzy filtering. We see
that all other techniques (i.e., gradient-descent, gradient-de-
scent+RLS, and gradient-descent+NLMS) reach their limits
and the proposed approach outperforms them.

Now, we provide simulation studies to validate the steady-

state analysis. For this purpose, consider a model

y(k) = GLa® 4+ v' (k)

?

where o = [i] G, is a vector that takes randomly the value

either [;] or [}], and v'(k) is the noise taking randomly the
value either —0.1 or 0.1. For this model, we have

v

2 _ 1y ?2] = 1 —
o2 = E[[o'(0)[*] =001, an E |:||Gk||2} =1

The steady-state error for this model according to expression
(35) is given as

poz, 001
L] op+2
p+ 28 (]

S = (39)

The proposed method was used to estimate .. Fig. 10 shows the
simulation studies at three different values of i, where E[e2 (k)]
has been plotted with time index k. The expected value of e2 (k)
(i.e. E[e2(k)]) has been calculated by averaging over 1000 ex-
periments. Fig. 10 shows that with increase in the value of p,
both rate of convergence and steady-state error increases, as
expected.

To validate the expression (39), the simulations studies
were carried out for different values of x ranging from 0.01

Fig. 10. Learning curves at
experiments).

, 0.05, and 0.1 (averaged over 1000

x107
8 T T ' T T T T T
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Fig. 11. Steady-state error as a function of .

to 0.9. For each value of y, the average value of e2(k)|r=1500
over 1000 experiments is calculated, as an approximation to
steady-state error S. Fig. 11 shows the comparison of so calcu-
lated steady-state error in the simulations with the steady-state
error calculated using expression (39). The simulation results
are quite close to the theoretically predicted approximate results
[i.e., using expression (39)]. We also verify the inequality (25)
through simulations.

VI. CONCLUDING REMARKS

This study has outlined a criterion for the robust design of
fuzzy models with uncertain data, when upper bounds on the
data uncertainties are unknown. We derive an algorithm together
with a stability, robustness, convergence, and steady-state anal-
ysis, for the problem of fuzzy filtering. The resulting procedure
turns out to have better performance than the existing linear
methods of estimation (H? and H filtering techniques). The
better performance of fuzzy filtering is due to the fact that not
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