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Abstract This study provides a stochastic modeling of the heartbeat intervals using a
mixture of Takagi-Sugeno type fuzzy filters. The model parameters are inferred under
variational Bayes (VB) framework. The model of the heartbeat intervals is in the form
of a history-dependent probability density. The parameters, characterizing the heart-
beat intervals probability density, include the estimated parameters of different fuzzy
filters and may serve as the features of the heartbeat interval series. The features of the
heartbeat intervals provide a description of the physiological state of an individual. A
novelty of our analysis method is that the physiological state is predicted as a part of
the features extraction procedure. This is done via deriving, using VB paradigm, an an-
alytical expression for the posterior distribution that the observed heartbeat intervals
have been generated by the stochastic model of the physiological state. The method is
illustrated with the data of 40 healthy subjects studied in a tilt-table experiment.
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1 Introduction

Heart rate variability (HRV), being an important quantitative measure of cardiovascu-
lar regulation by the autonomic nervous system, is one of the most frequently studied
physiological rhythms. HRV is described with a mathematical analysis of the R-R in-
tervals on the electrocardiogram (ECG). A large number of analysis methods have
been developed to characterize HRV. The available methods include statistical mea-
sures analysis [39]; spectral analysis [1,32,6]; nonlinear dynamics [40]; point-process
modeling [5,4]. The authors in [5,4] give a probabilistic definition of HRV by develop-
ing a history-dependent inverse Gaussian point process model of heartbeat intervals.
Adaptive filtering algorithms can be used to estimate the parameters of the heartbeat
intervals probabilistic model [4].

The mathematical analysis of physiological signals remains as an active area of re-
search [36,11,14,2,9,13,4,43,31,7]. The mathematical analysis results in the extraction
of signal features such that the features should characterize the signal under different
physiological conditions of the individuals. However, it is typical that the correlations
between signal features and the patients’ physiological states are complex and uncer-
tain. Thus, the attempts have been made to approximate these complex and uncertain
correlations through the neural/fuzzy models [10,12,35,19,18,42,41,21,20,8,29,15,24,
23]. Adaptive filters are typically used to remove noise and artifacts from the biomed-
ical signals [33,26,34,30,28]. The adaptive filtering algorithms for linear models have
been well studied [37]. However, the studies dealing with the mathematical theory
addressing the issues of robustness, convergence, and steady-state error for nonlinear
neuro/fuzzy filters are still relatively few available. We have recently done some work
to develop fuzzy filtering based methods for the analysis of physiological data [24,16,
22].

The study of fuzzy filtering approach, with the goal of providing a model that gives
a highly accurate description of the heartbeat intervals at rest and in extreme physi-
ological conditions, is the aim of this work. We feel that an integrated approach that
combines fuzzy filtering with the stochastic methods has much to offer in developing
the reliable physiological models. Our method of heartbeat intervals (or R-R intervals)
analysis is derived from the following ideas:

— Given the history of heartbeat intervals, the current interval is modeled as a Gaus-
sian distribution whose mean and variance are further random variables.

— The mean of the distribution is given by the output of a fuzzy filter. The history of
the intervals serve as the inputs to the fuzzy filter. The output of the fuzzy filter
is random in nature as some of the fuzzy filter parameters (not all) are random
variables.

— The inverse-variance is modeled as a Gamma distribution.

— The parameters of the stochastic model of heartbeat intervals must be inferred with
the data of R-R interval series. That is, the following problems must be solved:

— posterior probability inference of the inverse-variance of heartbeat interval dis-
tribution,
— posterior probability inference of the random parameters of fuzzy filter,
— estimation of the deterministic parameters of fuzzy filter.
These problems can be solved under VB paradigm.

— The individual and physiological condition specific heartbeat interval model is in-

ferred with the corresponding data of R-R interval series.



— Once the different heartbeat interval models (such that each model describe a
particular physiological state of an individual) are available, an analysis of the given
R-R interval series generated under an unknown physiological state is performed
as follows:

— The given R-R interval series is assumed to be generated by a stochastic mixture
of a finite number of physiological state specific models such that each model
tries to fit a part of the series.

— The parameters of the mixture are inferred using VB algorithm. The estimated
parameters may serve as the features of the series. Further, the posterior prob-
abilities of a data point being generated by different physiological state specific
models can be compared to predict the most probable physiological state.

The aforementioned approach to heartbeat intervals analysis is mathematically a spe-
cial case of the problem of “fuzzy filters mixture inference”. Therefore, we provide
independently the details of the problem of VB inference of the fuzzy filters mixture.
This problem is closely related to the work of [17] with the difference that an individual
filter, instead of trying to model the total data set, tries to model a part of the data.
To the best knowledge of the authors, the application of fuzzy filters mixture in the
stochastic modeling of heartbeat intervals is the novelty of the work. It is demonstrated
in a tilt-tale experiment on 40 healthy subjects that

1. the extracted features of heartbeat intervals are relevant to the physiological state
of the individual,

2. the accuracy of the predicted physiological state, as a part of the feature extraction
procedure, is good.

This text is organized into sections. Section 2 provides the essential background for the
method. The VB inference problem of fuzzy filters mixture is discussed in section 3.
Section 4 present a fuzzy filtering based stochastic modeling of heartbeat intervals
followed by the details of our analysis method in section 5. The experimental studies
are presented in section 6 and finally the concluding remarks in section 7.

2 Preliminary
2.1 Variational Bayesian Inference

Bayesian framework based on Bayes’ theorem is a powerful technique for the statistical
inference of model parameters. The VB framework has the advantage of being less
computationally intensive than other Bayesian methods. The VB method approximates
the posterior distributions over a model in an analytical manner [3]. The VB method
minimizes the Kullback-Leibler (KL) divergence of the approximate posterior from the
true posterior density [25].

The Bayesian inference problem determines the parameters w of a model m using
available data y based on Bayes’s theorem:

_ plylw.m)p(wlm)

Pl = )

Bayes’s theorem provides the posterior probability of the parameters given the data
and the model. For a model, it may not be possible an analytical evaluation of posterior



probability distribution. Thus, it is approximated by a variational distribution:

q(w) = p(wly, m)

where g(w) is restricted to belong to a family of distributions of simpler form. This
form is selected by minimizing the difference (in terms of Kullback-Leibler divergence)
between ¢ and true posterior. The Kullback-Leibler (KL) divergence of p(w|y, m) from
q(w) is defined as
q(w)
KL(q||lp :/qw log ———dw
(qllp) (w) owly,m)

The logarithmic evidence for the data is given as
log p(y/m) = 105/ p(y, wim)dw

o w p(y, w|m) w
—1g/q< Ry

ply, wim) .
> | atue)log P g
= F(g(w), m)

where we have made use of the Jensen’s inequality. Any probability distribution g(w)
gives rise to a lower bound F(q(w), m) on the logarithmic evidence. The lower bound
F(q(w), m) is the negative of a quantity known as free energy. Since

log p(y|lm) = F(q(w), m) + K L(q||p),

minimizing K L(q||p) is equivalent to maximizing F(g(w), m) over g(w). Therefore, pos-
terior distribution p(w|y, m) is inferred by estimating ¢(w) correctly, i.e., by maximizing
F(g(w), m) over g(w).

2.2 Variational Bayes for a Mixed Stochastic/Deterministic Fuzzy Filter [17]

A Takagi-Sugeno fuzzy filter, as explained in Appendix A.1l, can be mathematically
represented as
Yy = GT(m,G)a, cd > h. (1)

The filter, as seen from (1), is characterized by two types of parameters: antecedents
(0) and consequents («). Expression (1) shows that the output of the fuzzy filter is
linear in consequents (i.e. in the elements of vector a)) while nonlinear in antecedents
(i.e. in the elements of vector §). We study a type of filter with

— the nonlinear parameters 6 being considered as deterministic, and
— the linear parameters a being considered as random variables.

We focus on a process with n—inputs (represented by the vector z € R™) and a
single output (represented by the scalar y). It is assumed that inputs-output data
pairs {z(7),y(4)} are related via

y(j) = GT(@(5), ) +nj, ()

where n; is the additive Gaussian uncertainty with mean 0 and a variance of 1/¢.
Given N pairs of inputs-output data {x(j),y(j)};vzl, the fuzzy filtering algorithms



should seek to estimate the vector § and evaluate the posterior probability distribution
of a. Introduce the notations:

GT(x(1),0)
Y =[y(1)---y(N))T e RN, B(6) = : e RV*E y=In;---nn]T € RV,
A" (z(N),0)
Now, we have
Y = B(0)o + v, 3)

where v is an additive Gaussian uncertainty with mean 0 and a variance of 1/¢:

p(v) ~ N(0,67'1).
The considered fuzzy filtering problem in the VB framework is stated in Problem 1.

Problem 1 Given N pairs of inputs-output data {x(j%y(j)}évzl and a structure m
(i.e. membership type, number of membership functions and rules) of a Takagi-Sugeno
filter of type (1) such that data satisfy (3), estimate 6 and the variational distributions
(¢(a), q()) by mazimizing the lower bound on the quantity: logp(Y'|B(0), m).

Problem 1 was solved in [17] with the following parameters priors:

p(almo, Ag) = N(almo, (40) ")
p(¢lao, bo) = Ga(dlag, bo)

where Gamma distribution is defined as follows

Ga(¢lag,by) = e @0, for ¢ > 0 and ag, by > 0.

The algorithm stated in [17] to estimate 6* and to infer the variational distributions,
ie. ¢* (@) = N(a|m, (A)~1) and ¢*(¢) = Ga(¢|a,b), is repeated here in Appendix A.2
for the sake of completion.

3 A Mixture of Fuzzy Filters
3.1 Problem Formulation

Assume that the given data set {;L‘(j),y(j)}j-v:l has been generated by a stochastic

mixture of S different fuzzy filters (with their structures as {mS}SS:1 and parameters
as {a®,0°}5_1) such that an individual filter tries to model a part of the data. Let
{5} denote N different discrete random variables such that the value of s; (where
s; = 1,2,---,5) represents the chosen fuzzy filter for modeling the i—th pair of data
(z(¢),y(3)). That is, Vi =1,---, N,

If s; =1, then y(i) = GT(x(i),Gl)al +n;i, p(n;) ~ N(0, ((;51)_1)
: (4)
If s; = S, then y(i) = GT (2(i),0%)a” + n;, p(n;) ~ N(0, (¢°)™1)



Introduce the notations:
y(1) GT(x(1),0%)
v=| : | eRrRY,B®#)= : e RVXK7,
y(N) GT (x(N),6°)
Let 7 = [m1---7mg]T € RS, with 0 < 75, < 1 and Zi:l ms; = 1, be a vector of mixing
proportions (i.e. the proportions by which individual fuzzy filters’ outputs are mixed

to match the observed output vector) such that the discrete distribution of s; is given
as

p(s; = 1m) =71, -+, p(s; = S|7) = 7g.

The probability of an i.i.d. data set Y is given as
<Y|7r (BO*)}Yoo1, {a®Yom1, {¢" Yom1, (m®}5o1)
(0) |, {G(2(3), 0°)}o=1, {a" Y51, {6" You1, {m®}5_1)

H:lzu:l

s
Z (si = s|m)p(y(i)]si = s, G(2(q),0°), 0", 6", m")

Following distributions are chosen for the parameters priors:

p(a®|mf, A5) = N(a®|mf, (45) ™)
p(¢°]ad, b5) = Ga(¢®|ap, bj)
p(n|cody) = Dir(n|codo), such that do = [ -+ £]7 € RS

where Gamma and Dirichlet distributions are defined as follows

&
Ga(¢’|ag, b)) = 15 (¢)"% 5 16 % | for ¢* > 0 and ag, by > 0.
Ibg) (a§)%
co co
= _1 = _1 S
. I'(c
Dir(r|cody) = (F(%O)))Swl TI'SS , where my,---,mg >0, Z mj =1, cg > 0.

=1

The logarithmic evidence for the data is given as

log p(Y|{B(6°)}5—1, {m*}5_1) = log / drda® - da®dg" - - - do® p(r|codo)p(atimd, AY) - - -

-p(a®m§, A5 )p(¢"ab, by) - - (6 |ad b3 (Y |7, {B(6°)}o=1, {a" Y51, {¢" o1, {m°}5_1).

For simplicity, define a = {a1,~~~,as}, mgy = {m(1)7---,mg}, Ay = {A(1)7-~~,/1§},
¢:{¢17"'7¢S}7 (10:{@(1)7"'7’1(?}, boz{b(l),7bg} with
S S
plafmo, Ag) = T pla®Imf, 43), p(lao,bo) = [] p(¢°lad, b)-

s=1 s=1



Rewriting the data evidence as
s\ s1S _
log p(Y{B(6°) Ys=1,{m }s=1) =

N
log/dﬂdadqﬁp(ﬂcodo) (a|mo, Ao)p(dlao, bo) H {Z p(s; = s|m)p(y(i)|s; = s,G(m(i),@s),as,QZ)S,ms)}.
=1

= p(Y|7r,{B(95)}f:1,a,qb,{ms}f:l)

Any arbitrary distribution ¢(m, a, ¢) gives rise to a lower bound on the data evidence:

log p(Y|{B(6°)} 51, (m*}5_1) > / drdoda(r, o, ¢)

p(x|eodo)p(almo, Ao)p(glao, bo)p(Y |7, {B(0*)}5_1, o, ¢, {m® 5:1)'

log q(m, o, b)

Restricting the arbitrary distribution g(m, o, ¢) with the following approximation

q(m, o, ¢) =~ q(m)q(a)q().

This results in

log p(Y [{B(6°)}o=1, {m"}i_;) >

p(m|codo) (o p(almg, Ag) p(¢lao, bo)
/ drg(r)log P00 1 / dag(o) log PUT0L0) / dba(9) log P12C0:20)

+ / drdadgq(m)g()q(¢) log(p(Y |x, {B(0°)}eo1, o, 6, {m*} 1))
In other words,

log p(Y [{ B(0°)}5, =1, {m*}5, 1) >

(7r|00do a|m0, p(¢lao, bo)
d = _— d d
/ wq(m log ) / aq(a log / oq(¢ (¢)
/ drdadpq(n Z log Z p(si = slmp(y(i)]si = s, G(x(i),0°),0°, ¢°,m")).

Again, an arbitrary discrete distribution ¢(s;) with Z§=1 q(s; = s) =1, is introduced
to further lower bound the data evidence:

log p(Y|{B(0°)}221, {m*}221) >
/dwq(ﬂ) log pi(ﬂ(Codo) +/daq(a) log p7(04|m0;/10) —|—/d¢)q(¢) log p7(¢|ao,bo)

q(a q(®)
/dwdadqﬁq Z Z = s)log 2 p(si = S\W)p(y(i)ISiqu,_Gs(;v(i),05),as,aﬁs,ms).
1=1s=1 L
That is,

log p(Y [{B(6°)}5—1, {m*}5_;) >

' p(m|codo) (o) o p(a|mo, Ag) o p(dlao, bo)
/ dmq() log q(m) +/d 4(a) log q(@) +/d¢q(¢)l & 4(9)



5 =s|m
+ Z {Z_: =3s) / dmrq(m) log pi;kz;i_: L))

1=

—

S
+3 s —5) [ dadsa(a)a(s)logp(y(i)ls; = s,G<x<z‘>,eS>,as,¢s,mS>} .

The lower bound is defined as a functional of the variational posterior distributions as
follows:

(a(m), a(@), a(), {a(s:) Hlr, {B(O°) Y i1, co, mo, Ao, a0, bo, {m°}o=1) =

7r|c0d0 p(almo, Ao) p(¢lao, bo)
/d7rq log o(m) /daq log 7{1(&) -‘r/d(bq(qb) log 4(0)
S
‘ p(s; = s|m)
+1:1 {52_31 q(s; = )/dW‘I(ﬂ') log “alsi=s)
S
+> q(si= 8)/dad¢q(a)Q(¢) log p(y(i)|s; = S,G(x(i)ﬁs),as,fvms)} ~
s=1
Since
lng(y(Z”s’L =S, G(,’I}(Z), 05)7 as7 ¢S7 mS) = _% lOg(2pl)+% 10g(¢s)_%|y(z)_GT(x(Z)7 05)a5|27
therefore

Fa(m),a(@), a(9), {a(s) Hr, {B(0°) Y51, co,mo, Ao, a0, bo, {m*}i=1)

p(m|codo) p(almo, Ao) p(#lao,bo) N .
/dwq(ﬂ) log ¥ e /daq )lo giq(a /d¢>q $)log —————= ) 5 108(2p1)

N S S
; { afsi =) [ dma(m)tog Lot =217 o %Z = 5) [ d8°a(6") 108(6")
N s 1 1 :

1 5 S 7.8 s S\ .S . T . sy s|2
~5 ol =) [ da*dta(a)a(6")8"u(0) - 67 (a(i), 6%} }

Problem 2 Given N pairs of inputs-output data {x(j), y(j)}évzl and S different struc-
tures {ms}le of the Takagi-Sugeno filters of type (1) such that data satisfy (4), esti-
mate {6°}5_, and the variational distributions ({q( NI {a(si) M, q(m), {q(qﬁs)}f:l)

by mazimizing the lower bound on the quantity: log p(Y [{B(6°)}5_1, {m*}5_,).

Remark 1 Please note the difference between Problem 2 and the main problem of [17].
Here, an individual filter tries to model a part of the data unlike the problem of [17]
where an individual filter tries to model the total data set.

3.2 Optimization of the Lower Bound F
3.2.1 Optimization w.r.t. ()

F will be stationary w.r.t. distribution g(=), if

log(p(r|codo)) — log(g +quszfs log(p(s; = slr)) + cons{g(m)} = 0, i.c.,
i=1s=1



s G _ N S
log([ 75 ) —logla(m) + 3 tog(rd® = %)) 4 cons{q(m)} =0, ie
s=1 i=1s=1
N
S @ _ 1 S Z Q(sl = S)
log([] =¥ ) —log(a(m)) +log(] ] =&~ ) + cons{q(m)} =0, i.e
s=1 s=1
c N
0
s g—i—Zq(SZ:s)—l
log([[rs = ) — log(g(m)) + cons{g(m)} = 0.
s=1
This implies that
¢* () = Dir(nlcd), d = [d1 ---dg]” € RS with ¥5_ ds =1,
such that
co N
cds = <t Z q(

Using Zle ds =1 and Zle q(s; =

Thus,

3.2.2 Optimization w.r.t. q(ozl)7 e

F will be stationary w.r.t. distribution g(«

log(g(a®

log(p(a®|mg, A7) —
(S do*q(6)9") &
2

=1

The substitution

)

i=1

s) =1, we have

c=co+ N.
Zq(sizs)) ,s=1,--- 5.
=1
q(a®)
%) where s =1,---, 5, if

~(a® —md) T A§(a® — mp)

p(a’|m, A) e 2 ,

results in

1

2
(fd(bs qu ¢s Z

=1

q(s

This implies that

q" ()

(@ —mp)T A3 (a® —mj) —

N(

log(q(a”))

—GT(2(i),0%)a

a’im?, (/18)_1), such that

12 4 cons{q(a

Z q(s; = 9)|y(i) — GT(x(i), t9s)ozs|2 + cons{q(a®)} = 0.
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JRRpT ( / dqssq(ww) (Ba(0°)7 By(0°),

Aom® = Ay + ( [ @016 ) (Bato") v

Vst = )G (x(1),6%) q(s1 = s)y(1)
By(6°) = e RVET s — : e RN,
Va(sy = s) GT 0%) q(sn = s)y(N)

The term [ d¢®q(¢°)¢°, appearing in the expressions for A and m®, will be evaluated
after obtaining the correct expression for ¢(¢*).

3.2.8 Optimization w.r.t. q(¢%),---,q(¢°)

F will be stationary w.r.t. distribution ¢(¢°), if
log(p(¢°|ad, b)) — log(q(¢")) + cons{¢”}

N =S S; =S
+3 {L;) log (") — %qf* / da®q(a®)|y(i) - GT(w(i)ﬁS)aS\z} =0, ie,
=1

log(p(6°|ab. ) ~ log(a(6")) + cons (4"}
N e s N
AEEL D 10g(5) — O3 (i = 9) [ daala)ly(i) — 6T e, 0°)a” P = 0, e,
=1

log(p(¢°|ag, b3)) — log(q(¢”)) + cons{¢”}

N - s
T 00 =) 1oy )~ 9 [ ana(a®) (7 — (00 (4~ By(@)a") =0

Using the facts

log(p(&"]ad, b)) = (b — 1) log(6") — % + cons{4"},
0

/ do®q(a)(Yy — By(07)a™)" (V7 — By(0%)0") =

(Y5 = Ba(0°)m®)" (V5 = Ba(6°)m®) + Tr ((4°) " (Ba(6°)" Be(6%)) ,

we have
3 N S; = S
(1~ 1)log(0") — % — log(a(6") + cons{”} + S g
00— By (47— Bo(0°ym®) + T ((4%) 7 (Ba(6°)7 B(6%)) = 0.

This implies that
q"(¢°) = Ga(¢®|a®,b%), such that

N _
b = b Zz’:l q(si - S)
0ot =— 5

)

o= e S [0 = Ba@ )T (V) = Ba(0)m) + T (A7) (Bo(07)T By (6%)) ]

s
a ag
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3.2.4 Optimization w.r.t. q(s; = $)
F will be stationary w.r.t. distribution g(s; = s), if
[ dmata)tog(o(si = sim) ~toglats; = )
1 S S S 1 S S S S S . . S S
by [ 480" og(0) — 5 [ da*d6a(a")a(@")e (D) - 67 (w9 6")a" [ =0
As per a result of Dirichlet distributions,
/dwq(ﬂ') log(p(s; = s|m)) = ¥(cds) — ¥(c),
where ¥(+) is the digamma function. Now, consider the term
[ dadsata)ae")s" lu(i) - 6" (i), 0%)a" ? =
(1) = 67 (a(i), 6%y 2 + T (47 Gla(), 6167 (2(0),6"))] [ doa(6")o
Using
[aotaener =, and [ doa(o") og(6") = w(") + log(a”),

the equilibrium equation becomes

W(eds) ~ () ~log(a(ss = ) + 3 (W) + log(a”))

S18

2

IS}

ly() = GT ((0), 6%)m*[2 + Tr (A7) 716w (0), 69)GT (2(0), 6)) | =0,

This implies that

S818

3 ri(m®, A%,0%)

I

1 .
1 Wleds) = () + 5 (P(6") + log(a”)) — =
—e
where Z is the normalization constant such that Zf:l q"(s; =s)=1and
ri(m®, 4°,0%) = ly(i) = G (@(i),0)m* > + Tr ((4%) ' G(w(),0°)G" (2(0), 0%))

3.2.5 Optimization w.r.t. (91, e ,0‘9)

The optimal values of antecedents of fuzzy filters are obtained via maximizing

F(q" (1),q" (@), 4" (6), {q" () 11, {B(6°)}5=1, co, mo, Ao, ao, bo, {m*}5—1)
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over (81,---,6%). The lower bound on the logarithmic evidence for the data can be
expressed as

Fla(r), a(a), (), {a(s:) Her, {B(0°)}5=1, co,mo, Ao, ag, bo, {m*}5-1) =
S

q(s; = s)/dﬂ'q( ) log p(si = slm) + % Z q(si = 5)/d¢SQ(¢S) log(¢”)

q(s; = s) =
S
*% D a(si=>s) / do’dp®q(a”)q(¢%)6°|y(i) — GT (x(3), 95)(%”} - glog@pi)

B g(m) qla) q(9)
/dwq(ﬂ) log  ricodo) /daq(a) log - imo, ) /d¢(1(¢) log Sla0.50)"
The value of F at obtained optimal distributions (i.e. at g(7w) = ¢*(7), ¢(@) = ¢* (@), ¢(¢) =
0" (), q(si) = q"(s;)) is given as

F(a" (), 4" (@), 0" (9), {0 (50) 1, LB} Er, co,mo, Ao, ao, bo, (m*}5y) =~ loa(2pi)

S
+Z {Z q*(s; = 8) [W(cds) — ¥(c) — log(q(s; = s))] + % Z q"(si = s) [¥(b*) + log(a”)]

i=1 (s=1 s=1
—%qu%sl:s) [ly(6) = 6T ((),6%)m* | + T (4°) G(m(n,eS)GT(x(Z),ea)}}
s=1
S S
_[1og<1{1i0)))+;10g( S£S)+;{ O w(eds) — ()
=3 (310 (1991 4 2w () + Jom - mi) Tt — iy - £

S s
Z {log(F(bS)) + b3 log(ag) — log(I'(b%)) — by log(a®) + b°W (b°) — bGw (b°) + bSZ—S — bs} .

At this point, we observe that for the given values of probability mass functions
({g" (s1)}¥.1) and parameters (¢, {ds }5_y, A"}y, {m*}5_y, {a*}5y, (6} y), am in-
crease in the value of F will occur if parameters {#°},_; are optimized based on the
following optimization problem:

N
§5* — arg n;}qn |:Zl q*(Si _ S)Ti(ms7/ls795); 50 > h’
i=

,Vs=1,---,5.

3.3 An Algorithm for a Finite Mixture of Fuzzy Filters

The rules for updating the parameters of the distributions and antecedents of fuzzy
filters are summarized in the followings.

N
0% = arg néén [E:l q"(s; = s)riy(m®, A°,0%); °0° > hs:|
1=

A% = A + a®b* (By(0°7)) T By(6°)
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m’ = [As]—l |:A8m8 + asbS(Bq(es,*))qus]

1 S1.S
o= L) = () 4 5 [P +log(a”)] = S A% 67
i =8) =
S g (si = 5)
s _ 18 =1
b = by + = 3
1 1 1 s S,% s\T s 8,k s sy—1 s,x\\ 1" S, %
== 5 [V = By(0°")m®) (¥ = By(0")m®) + Tr ((4°) ! (Ba(0>") " By(0°)))]
0
c=cyp+ N
1 co ol *
dS:C+N §+Zq(sl:5)
0 i=1

Here, in the expressions for A° and m®, the term [ d¢®q(¢°)¢° has been substituted
as a’b®.

Each of these update rules is guaranteed to monotonically increase the objective
function F. Therefore, several iterations of update rules can be performed to increase
F until a consistent solution is reached. The iterative optimization process can be
terminated if the maximum (over all possible ¢ and s) change in ¢*(s; = s) from an
iteration to the next is less than a tolerance limit (say 0.0001). Algorithm 1 summarizes
our method for inferring the parameters of the fuzzy filters mixture via maximizing F.

4 Fuzzy Filtering based Heartbeat Interval Model

Given a short time recording of R-R intervals {RR;}j—1 2. (where j is the time-
index), consider a structure m (i.e. membership type, number of membership functions
and rules) of a Takagi-Sugeno filter of type (1) such that

RRj = G'([RRj_1 RRj_5---RR; )" ,0)a +n;,

where n; is the additive Gaussian uncertainty with mean 0 and a variance of 1/¢. Here,
0 is deterministic while o and ¢ are random with the following priors:
p(afmo, 49) = N(almo, (40) ™)
p(¢lao, bo) = Ga(dlag, bo)
Thus, the probability density of heartbeat intervals is given as
p(RRj‘RR.]fl: RRj*Qa T Rijn: 97 @, ¢7 m) =
1 e—%\RRj —G"([RRj_1 RR;j_5---RR;j_,,]*,0)a)?
2pi(¢) !

The estimation of § and inference of approximate posterior distributions (¢(«) and
q(¢)), under VB framework, is the problem formally stated in Problem 1. Thus, the
algorithm 2 of Appendix A.2 can be used for inferring the parameters of heartbeat in-
terval model. For an individual at a physiological state s, let (6%, A%, m?®,a®,b%) denote
the parameters returned by the algorithm 2. If there are S number of physiological

states, then S different heartbeat interval models {(6°, A%, m®, a® b%)}5_; can be in-
ferred.
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Algorithm 1 An algorithm for VB inference of the fuzzy filters mixture
Require: Data pairs {z(j),y(4)};=1,..,N-

1: Choose a total of S fuzzy filters’ structures {m*}5_,;
which define the regularizing priors; parameters {c®, hs}f:1 such that the interpretability
constraints on the membership functions of the s-th filter can be formulated as ¢%0° > hS.

: Set iteration count ¢t = 0 and choose a tolerance limit (say, equal to 0.01%).
o if max(; 5 abs (¢ (si = s)[t+1 — ¢*(si = s)[¢) < 0.0001 then

2
3
4: return {05%)i 115, i1, {dsler1 o1 {A% a1 15 Amler 1 151 {a (8o e Fp {a fern o1 (b5 o1 1o
5
6

hyper-parameters cp, mo, Ao, ag, bo

: else
Update, for s = 1 to S, the parameters as follows

N
0 41 = arg nélsn {Z q*(si = s)|eri(m®[e, A%|¢,0%); c*0° > h*
i=1
Var(s1=9)t \tGT( (1),0%*|¢41) Var(si=9)e S)Ity( )
By, (0% [t41) = : LY =
VTN = LG (@(N), 65 %]41) JTGn = (V)
Alerr =45 +asltbs\z(Bq‘t(esﬁ*itH))Tth(es’ le41)
m®|p1 = [A%[p41] 7 [ §m + a®|:b°|¢(By), (0> ))TYqSIr]
1 b*
* 1 ¥(cledsle) —¥(clt) + 5 [#(6°[¢) 4 log(a®|+)] — |t i ri(m®le+1, A%[e+1, 0% [e41)
q*(si =8)|t+1 = Se 2
Z
N e _
b |41 = b + Liz14 (821 St
1 _ i l [(YS — B (95,*| )ms| )T(Ys _B (95,*| )ms| )
aslepr ay 2Ll Tdlen VM) gl ~ Palia t+1)m° o4

+Tr ((As|t+1)_1(Bq\t+1(937*‘t+1))TBq|t+1(98’*|t+1))}
clev1 =co+ N
ds|t+1 = o (CO +Zq 8; = s)t+1>
co+ N =
Here, (alo,blo, {0%* |0}SZ:17 {q* (s )|O}51:1’ clo, {ds; \o}s .—1) denote an initial guess and
ri(m?, 4%,0°) = [y(i) — GT (a(0), 0°)m’[* + Tr ((4°) 7 G(a(0), 0°)G7 (2(5),6) ) -

7: end if

5 Analysis of Heartbeat Intervals

Assume that the S number of heartbeat interval models for S different physiological
states of an individual (i.e. {(6%, 4%, m® a® b°)}>_;) have been inferred as explained
in section 4. This section outlines the analysis of any R-R interval series generated
under an unknown physiological state. Now, the given R-R interval series { RR; }N +n
is assumed to be generated by a stochastic mixture of S fuzzy filters (with the structures
as {m*}5_, and parameters as {a®,6°}5_,) such that an individual fuzzy filter tries
to model a part of the series. Let {s;}).; denote N different discrete random variables
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such that the value of s; (where s; = 1,2,---,5) represents the chosen fuzzy filter
for modeling the i—th pair of data ([RRi_l RR; _o--- RRi_n]T, RRi>. That is, Vi =
1,---,N,

If s; = 1, then RR; = GT([RR;_1 RR;_2---RR;_,)T,0Y)a' +n;, p(n;) ~ N(0, (¢1) 1)

If s; = S, then RR; = GT(|[RRi_1 RRi_2--- RR;_y]T,0%)a® +ny, p(n;) ~ N(0, (¢°)™1)
Introduce the notations:
RR, 41 GT([RRn RRy_1---RR]T,0%)
Y = ; e RN, B(6®) = ; e RV*K7
RRpi N GT([RRp4+N—1 RR;—>--- RRN]T,0°)
Let = [r1---7g]T € RS, with 0 < ms, <1 and Zi:l ms; = 1, be a vector of mixing
proportions (i.e. the proportions by which individual fuzzy filters’ outputs are mixed

to match the observed output vector) such that the discrete distribution of s; is given
as

p(si = 1m) =71, -+, p(s; = S|m) = 7.
The probability of an i.i.d. data set Y is given as

(Y|7r {B(0°)}o=1, {a" o1, {0" Yoo, {m"}5o1)
H (@) |m, {B(O°)}o=1, {o* }oo1, {¢"} oo, {m*}o1)

S
Z si = s|m)p(y(i)]s; = 5, {B(O%)}oo1, {a}om1, {#° Yoz, {m*}io1)

n{:]z \

Following distributions are chosen for the parameters priors:
p(e’mp, 43) = N(a®|m§, (45) ™)
p(¢°]ad, b3) = Ga(¢”|ap, b5)
p(m|codo) = Dir(m|codp), such that dg = [% e %}T e R’

where Gamma and Dirichlet distributions are defined as follows

S

o8 sy L (@)% ToE , o 1o
GCL(¢ |a0,b0)= F(b(s)) W@ 07 fOI‘¢ > 0 and a07b0 > 0.
(€] €]
= _1 = _1 S
r
Dir(r|cody) = %Wl‘s ~~~7rSS , where my,---,71g >0, Z mj =1, cg > 0.
S =1

Now, the estimation problem of {8°}5_ 1, ¢, {ds }5_1, {A*}S_1, {m*}5_1, {q(si)}Vq, {a®}5 1, {b°}5
(stated formally in Problem 2) can be solved using algorithm 1.

Remark 2 The fuzzy filters mixture parameters returned by algorithm 1 are the fea-
tures of heartbeat interval series. Further, the posterior distribution ¢(s; = s) provides
the probability that the i—th data pair is generated under the physiological state s.
This is how the physiological state is predicted as a part of the analysis method.
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6 Experiments

We studied in total 40 subjects (21 men, 19 women, aged 22-45 years) during supine rest
and 70° head-up tilt in the laboratory of Institute of Preventive Medicine, University of
Rostock. All subjects were healthy without suffering from any heart related disease. The
participants lay supine on the tilting table for 10 minutes followed by a 10 minutes head-
up tilt at 70°. The physiological response of the subjects was assessed via measuring
their heartbeat intervals (i.e. the time in milliseconds between consecutive R waves of
an electrocardiogram). The R-R intervals were recorded using a Polar S-810i heart rate
monitor (Polar Electro Oy, Finland).

Our first goal is to develop the heartbeat interval models for each of the two states
where s = 1 corresponds to the physiological state of supine rest and s = 2 corresponds
to the state of head-up tilt. For each of the two states, the initial and final half minute
long data of R-R intervals were ignored and rest 9 minutes long data, divided into 3
segments with each segment 3 minutes long, were considered. The first 3 minutes long
data segment was used to infer the fuzzy filtering based model of the physiological
state using algorithm 2 and rest two segments were considered for an analysis using
algorithm 1. However, for 6 out of 40 subjects, the 3 minutes long data segment was
not sufficient to infer the reliable model of the physiological state. For these 6 subjects,
for each state, the first 6 minutes long data were used for model inference and the rest
3 minutes long data for analysis.

Remark 8 The algorithm 1 was implemented in MATLAB 6.5. The first update of
the step 6 in the algorithm involves a nonlinear constrained optimization problem.
Although the optimization problem can be solved numerically, but we prefer, for our
experiments, to keep the parameters 0%* fixed (i.e. 0°*|¢31 = 0°*|¢). The reason is
that the computational complexity of the algorithm should be as minimum as possible
for an analysis of the physiological data in real-time.

The algorithm 2 was initialized as follows:

1. The structure of the Takagi-Sugeno fuzzy filter that defines K = 4 number of rules
(taking number of inputs n = 2 and defining 2 triangular membership functions for
each of two inputs) was considered.

2. The matrix ¢ and vector h were designed to incorporate the constrains on mem-
bership functions that any two consecutive knots must be separated at least by
a distance of 0.1. Further, the extreme left knot must be greater than the mini-
mum value of input variable in training set and the extreme right one less than the
maximum value of input variable in the training set.

3. The prior my was equal to the zero vector and Ay was equal to the unity matrix.

4. The parameters ag = 106, by = 106 (i.e. relatively noninformative priors for the
uncertainty) were chosen.

5. The algorithm 2 was started with alp = ag, blop = bg, and setting 6*|y for the
uniformly distributed membership functions in the corresponding inputs’ ranges.

For each subject, the two heartbeat interval models (first corresponding to the state
of supine rest and the the second corresponding to the state of head-up tilt) were
inferred. Let (erest Arest m'r‘est arest brest) and (etilt Atilt mtilt atilt btilt) denote
for a subject the model parameters (returned by algorithm 2) corresponding to the
physiological states of rest and tilt respectively. These parameters act as priors for the



17

Table 1 The statistics of the features

feature rest tilt

F1 182.9065 4 34.0042 | 104.8991 % 29.6306
Fy 138.3097 4+ 37.9080 | 246.9050 + 42.8579
F3 0.8733 £ 0.1405 0.0358 £ 0.0887
Fy 0.1267 4+ 0.1405 0.9642 + 0.0887
F5 188.8243 4+ 31.6398 250 4 37.9249
Fg 0.8774 £+ 0.1420 0.0320 £ 0.0894
Fr 0.1226 4+ 0.1420 0.9680 £ 0.0894

analysis algorithm 1. That is,

1 1 1 1 5
my = nlrest7 AO _ Arest7 ab = arest7 bO _ breat

b
mg _ mmlt, /l% _ Atzlt7 a% _ at?,lt7 b(2) _ bt?,lt.

Algorithm 1 additionally needs to choose the hyper-parameter ¢ which is taken equal
to 2. The algorithm 1 was started with

* 1
q (sizs)\():g:O.S

N
Y147 (si = 5)o

ms‘():m(s)a AS|0:A87 bs|0:b8+ 2

_ S, % s\ \T v s S, % s
a*o - % + 2 qlo — Bq\o(e lo)m”lo) (Yq|0 - Bq|0(9 l0)m°o)

+7r ((4%10) ™ (Byly (09710)) By, (69*10) )|

1 1 1[(8

where 61%|g = 675! and 62|y = 61,

Algorithm 1 was run to analyze the 3 minutes long data segments. It is expected
that the parameters returned by algorithm 1 should serve as the features which char-
acterize the physiological state of the subject. The following features are defined based
on the parameters returned by algorithm 1:

Fi=b' F=b Fy=dy, Fy=dy, F5 =c

N * N *
Zi:1 q (s =1) o= 21:1 q (s =2)
N T N '

The statistics of the feature values is summarized in table 1 and figure 1. Table 1
reports for each physiological state the means and standard deviations of the extracted
features. Figure 1 shows the box-and-whisker plots for the data. It is easy to observe
from table 1 and figure 1 that variables (F}, Fy, - - -, Fy) take significant different values
for the state of supine rest from those for the state of head-up tilt. This verifies that the
features (Fy, Fy,- - -, Fy) are potentially capable of distinguishing the two physiological
states and hence are diagnostic efficient.

Fs =



18

T T
260} - J 3so T
I S
240 I 1 +
! T
220 I 1 30op I
1 n + !
I
200 1 +
- 250 *
1801 - R
+
- o
L1601 ‘ + ] !
I
200+
140t : ‘ 1 ‘
|
120f ! ! ] |
1 150
| ] *
8oy ! 1 100 |
.
60t . . k| — ,
rest tilt rest tilt
(a) I (b) F»
1 1 1+ ._?—?.
09f 1 09f
0.8f 1 0.8f .
|
07f | 1 o7l
|
06f | 1 0.6f ¥
J — +
u® 05F 1 o¥os5p
+ -\
04t t 1 0.4f |
03f 1 03t |
02f - f 02f ‘
01f i 1 01f
of 1 of
rest tilt rest tilt
(c) F3 (d) Fy
[ 1r
|
| 09f
|
300 | 1 0.8l
| |
1 0.7 !
|
| L
250 | 1 0.6 |
|
w’ u® 05
| ‘ +
! | 04r
200 | 1 ¥
I 03f
0.2t *
T
150 : B 01l
. ol .g—i—.
rest tilt rest tilt
(e) Fs (f) Fo
T T
1+ ._?—?. 1
09F 1
0.8f N 1
0.7f ; 1
06f 1
+
u” 05F ]
|
0.4t i 1
03f | —
02 . ]
01f 1
ol 1
. .
rest tilt

(8) Fr

Fig. 1 The box-and-whisker plots of features for supine rest and head-up tilt
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Fig. 2 The box-and-whisker plots of HRV measures for supine rest and head-up tilt

The physiological state of a subject is predicted from the analysis of the data
segment as follows:

supine rest, if Fg > Fy

predicted state = { head-up tilt, if F7 > Fg

The accuracy of 100% was observed in the physiological state prediction of the subjects.
The spectral analysis is a common method of extracting features of heartbeat in-
tervals. To compare the proposed method with a standard method, the 3 minutes long
inter-beat intervals segments were analyzed also by estimating the power spectral den-
sity (i.e. distribution of power as a function of frequency). Each series of inter-beat
intervals was re-sampled at a constant rate of 4 Hz by using a cubic spline interpo-
lation followed by a detrending [38]. Fast Fourier transform (FFT) was the method
used for estimating the power spectral density. HRV spectrum is typically divided into
three frequency bands: very low frequency VLF (0.01-0.04Hz), low frequency LF (0.04-
0.15Hz), and high frequency HF (0.15-0.5Hz). The power components in VLF, LF,
and HF frequency bands are the standard frequency domain measures of HRV [39].
Table 2 and figure 2 summarize the statistics of HRV measures for each physiological
state. A comparison of the statistics of the two analysis methods demonstrates that the
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Table 2 The statistics of the HRV measures

feature rest tilt
VLF 1.2752e — 004 £ 1.4611e — 004 | 1.2902e — 004 £ 2.7488e — 004
LF 0.0049 £+ 0.0054 0.0034 £ 0.0030
HF 0.0060 £ 0.0073 9.7146e — 004 £ 0.0013

proposed features (Fy, Fy,---, Fy) are more efficient than some of the standard HRV
indices (i.e. VLF, LF, HF power components) in distinguishing the physiological state
of supine rest from that of head-up tilt.

7 Concluding Remarks

We have presented a new fuzzy filtering based stochastic modeling approach for an
analysis of heartbeat intervals. VB framework was used for extracting the features of
heartbeat interval series. The extracted features were observed to possess a remarkably
high diagnostic efficiency and therefore the physiological states of the subjects were pre-
dicted with 100% accuracy in our experiments. The proposed modeling approach for
the analysis of physiological signals may be helpful in solving various medical decision
making problems. The method took simultaneously the advantages of probability the-
ory and fuzzy filtering. The proposed approach achieves a high diagnostic efficiency as
a result of mathematically formulating the problem in a sensible way. However, there
remain some limitations of the method which will be overcome in our future research.
These limitations include

— The physiological meaning of the features extracted from heartbeat intervals is not
clear. These feature are related to the probabilities of occurrence of a physiological
state in the data.

— The first update of the step 6 in the proposed algorithm involves a nonlinear con-
strained optimization problem. However, a closed-form expression for the updating
of nonlinear membership functions related parameters, like other parameters up-
dates, should be developed. This is computationally the most expensive step of the
algorithm and therefore, as stated in remark 3, the membership functions related
parameters were kept fixed in view of a real-time operation.

A Preliminaries from [17]

A.1 A Takagi-Sugeno Fuzzy Filter

Consider a Takagi-Sugeno fuzzy model (Fs : X — Y) that maps n—dimensional real input
space (X = X1 X X2 X -+ X Xp) to one dimensional real line.

A.1.1 Grid Partitioning of Input Space

A rule of the model is represented as

If x1 is Ay and --- and xy, is Ap then yy = so + 5121 + -+ + SnTn.
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Here (x1,-- -, 2n) are the model input variables, y is the filtered output variable, (A1, -, Ay)
are the linguistic terms which are represented by fuzzy sets, and (so, s1, - - -, Sn) are real scalars.
Given a universe of discourse X, a fuzzy subset A; of X; is characterized by a mapping:

pa; X5 —[0,1],

where for z; € Xj, p Aj (z;) can be interpreted as the degree or grade to which x; belongs
to A;. This mapping is called as membership function of the fuzzy set. Let us define, for gth
input, P; non-empty fuzzy subsets of X; (represented by Ay;, Asj, -, AP].]'). Let the it rule
of the rule-base is represented as

R; : If x1 is A;1 and --- and @y, is Ay, then yp = s40 + 5;121 + - + SinTn,
where Aj; € {A11, -, Ap;1}, Az € {A12,--+, Ap,2} and so on. Now, the different choices of
Ai1, A, -+, A leads to the K = H;-L:I P; number of fuzzy rules. For a given input vector
x =[z1--zn]T € R", the degree of fulfillment of the it rule, by modeling the logic operator
‘and’ using product, is given by

n

gi(@) =[] pay; (=)).

j=1

The output of the fuzzy model to input vector x is computed by taking the weighted average
of the output provided by each rule:

K K n
D (si0 + si1@1 + -+ SinTn)gi(T) > (sio + sinw1 + -+ sinzn) [[ pa,, (25)
_i=1 _ =1 Jj=1
vr= K - K n
Z 9i(z) Z H pa;(x;)
i=1 i=1j=1

(5)
Let us define a real vector 6 such that the membership functions of any type (e.g. trapezoidal,
triangular, etc) can be constructed from the elements of vector 6. To illustrate the construction
of membership functions based on knot vector (6), consider the following examples:

Triangular membership functions Let
0 ,1 P1—2 ,Pi—1 0 ,1 Pp—2 ,P,—1
ez(tlvtla"’ytll 7t11 7"'7tn7tn7"‘7tn 7tn )

such that for " input, tg < t% << tfi72 < tfi71 holds for all ¢ = 1,---,n. Now, P;

triangular membership functions for it? input (AL PAg MAP“.) can be defined as:
. t,} —x;
pAay,; (x;,0) = max | 0,min (1, 0
1 K2

. @ — 72 t)—x; .
paj; (zi,0) = max | 0,min t]-_zl ’tj_z,tjl t]._’l ,j=2,-,P—1
i b i U

t,

k3

@y — 572
l"’APii(xi’e) = max | 0, min lfﬁl—lﬁ’l
i

One-dimensional clustering criterion based membership functions Let

P—2 ,Pj—1 Pp—2 P, —
Qz(to’ti7-..7t11 7tll ""7t9utiw"'vtnn 27tnn 1)
such that for " input, t? < t} <ee < tfi_Q < tfi_l holds for all 4 = 1,---,n. Consider the
problem of assigning two different memberships (say pa,, and pa,;) to a point x; such that
t? <z < tzl, based on following clustering criterion:

(Hay, (i), pag, (z)] = arg min  [uf(z; — t9) + uj(zi — )%, w1 +ug = 1] .

[u1,uz]
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This results in
(zi —t;)?

Tr; — t?)2 + (:E,L

(zi — t9)°
T — t,?)Q + (11 — tzl)2 ’

p“Ali(zi) = ( _t’})27 #Agl(a:l) = (

Thus, for i*" input, P; membership functions can be defined as:

1 z; < t,?
(x.; —t1)2 o 1
pay,; (@i, 0) = 2 ) <z <t
14 (2] (xz _ t?)2 + (xz _ t,})Z 1 7 7
0 otherwise
J—=2y2
(@i —t;7) P
— — <z <t
(i —t] )2+ (xi —t] )2 ' ,
#Aji(xi76) = (ZEJ—tZ)Q j—1 gj<tj 7]:27"'7131'71
o 0 ; > T >
(@i — 7712 4 (@i — )2 '
0 otherwise
Pi—1
lp ) T > t;
(mi—t;" ") P;—2 Pi—1
pap,;(Ti,0) = v d : thi=2 < g, < ¢F
Py (xl _ tf’l—2)2 + (1‘1 _ tiPl_l)Z i 2 @
0 otherwise
Gaussian membership functions Let
P —2 P —1 ' — -
ez(t(l)vt%a"‘vtll 7t11 7"'7t917t}u"'7t5” zvtrljn 1)

such that for ¢*" input, t(i) < t% < - < tf"'72 < tf"'71 holds for all ¢ = 1,---,n. Now, P;
Gaussian membership functions for i*” input can be defined as:

o _ 12
pay (@i 0) = e @ 6T R

For any choice of membership functions (which can be constructed from a vector ), (5)
can be rewritten as function of 6:

K
yr = (sio+saz1+ -+ sinzn)Gi(,0), Gi(z,0) =

— K '
= Z H nag;(xj,0)

Let us introduce the following notation:

T K(n+1
=1[810 S11 -~ S1n -~ SK0 SK1 -~ Skn L € RE(HD

G(z,0) = [G1(z,0) 2T C1(x,0) - G (2,0) 2T G (z,0)]" € RE(TD

Now, we have
Yy = GT(z,0)a.

In this expression, @ is not allowed to be any arbitrary vector, since the elements of 6 must
Vi=1,---,n, ensure

a; < t? < tl1 << tfi72 < tfi71 < b;, where z; € [ai, b;].

These inequalities and any other membership functions related constraints (designed for incor-
porating a priori knowledge) can be written in the form of a matrix inequality ¢ > h. Hence,
a Takagi-Sugeno type fuzzy filter can be represented as

Yy = G’T(:L‘,H)oz7 ch > h.
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A.1.2 Fuzzy Clustering Based Partitioning of Input Space

Several studies have used fuzzy c-mean (or its robust alternatives) to find clusters in the input
space and thus obtaining the parameters of the membership functions. Such methods define
multivariate membership functions and corresponding to each cluster, there exists a fuzzy rule
of the Takagi-Sugeno form:

R; : If x is A; then yy = 850 + 85121 + -+ + Sin2n, 1 = 1,2,--- | K

The fuzzy set A; (with a membership function A;(z) : R™ — [0, 1]) is typically defined with
the Gaussian function:

n lz; — ti_70|2
ay@) = [ exp(=——4—)
j=1 J
where t;’o is the center and t;’l is the dispersion of the membership function on x; defined by
the i—th cluster. The parameters of the membership functions (i.e. t;’o, t;’l; ji=1---n;i=

1,--+, K) can be obtained from fuzzy clustering of the input data, see e.g. [27]. Let the param-
eters of the membership functions are collected in a vector 0, defined as

1,0 1,1 K,0 ,K,1
9=(t1 7t1 7"'7t31,707t'}7,’17"'7t1 7t1 7"'7t§’07t')}1(71)'
It is easy now to see that the fuzzy filter, like the grid partitioning case, can be still functionally

represented as
yr = GT (z,0)a, where

o= [510 811 *** S1n " * SKO SK1 " SKn]T S REM+1)
G(z,0) = [G1(x,0) 2TG1(x,0) - Gk (z,0) 2T Gk (x,0)]" € RECHD
5 (x,0
Gi(x,0) = K’“’lﬂ

Z HA; (:t, 9)
=1

Although the parameters of membership functions (i.e. elements of vector 6) are obtained by
fuzzy clustering, one may prefer a fine tuning of the elements of vector # under a filtering
performance criterion. In this case, the tuning process can be constrained. A necessary con-
straint is that the variances of Gaussian membership functions must be greater than zero. Any
type of constraints on the parameters of membership functions can be formulated as a matrix
inequality cf > h.

A.2 An algorithm for VB inference of fuzzy filter parameters
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Algorithm 2 An algorithm for VB inference of fuzzy filter parameters from [17]

Require: Data pairs {z(j),y(j)};j=1,.-.,~-
1: Choose a fuzzy filter structure m; hyper-parameters mgo, Ao, ag, bp which define the regular-
izing priors; parameters c, h such that the interpretability constraints on the membership
functions can be formulated as cf > h.
: Set iteration count ¢ = 0 and choose a tolerance limit (say, equal to 0.01%).
¢ if (Fli41 — Fle < 0.0001F];) & (¢t > 0) then
return 0*|i11, Alegr1, mles1, ale+1, blet1.
else
Update the parameters as follows

SR

0%|¢+1 = arg mein [r(mlg, Alt, 6); ¢80 > h].
Ale1 = Ao + aleb|e(B(0*[t41)) " B(O* |141)
~1
mlg41 = [Ao + a\tb|t(3(9*|t+1))TB(9*\t+1)] [Aomo + a|tb|t(B(9*|t+1))TY]
N
blt+1 = bo + 5

1 11 .
= — + —r(mfer1, Aler1,0"e41)
(l|t+1 ao 2

Here, (mlo, Alo, alo, blo, 8*|o) denote an initial guess,
r(m, 4,0) = (Y = BOm) (Y = BOm) +Tr ()~ (B6)"BO))
and F|; is computed as

a —1
Fle = g(&v(bh) + log(alt)) — glog(Zpi) — |th|tr(m\t,A|t,9*|t) - %log (%)
—%Tr (Ao(Ale)™1) — %(mh —mo)T Ag(ml|e —mo) + % — log(I'(bo))

—bo log(ao) + log(I'(b]¢)) + bo log(alt) — bl+¥ (b]¢) + bo? (blt) — b|t%|t + bl
0

7: end if
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