
Robust Solution to Fuzzy Identification Problem with

Uncertain Data by Regularization

Fuzzy Approximation to Physical Fitness with Real
World Medical Data: An Application

MOHIT KUMAR1 mohit.kumar@etechnik.uni-rostock.de

Institute of Occupational and Social Medicine, Faculty of Medicine, University of Rostock, D-18055 Ro-

stock, Germany

REGINA STOLL Regina.Stoll@med.uni-rostock.de

Institute of Occupational and Social Medicine, Faculty of Medicine, University of Rostock, D-18055 Ro-

stock, Germany

NORBERT STOLL norbert.stoll@etechnik.uni-rostock.de

Institute of Automation, Department of Electrical Engineering and Information Technology, University of

Rostock, D-18119 Rostock-Warnemünde, Germany

Abstract. This study considers the robust identification of the parameters describing a Sugeno type fuzzy

inference system with uncertain data. The objective is to minimize the worst-case residual error using a

numerically efficient algorithm. The Sugeno type fuzzy systems are linear in consequent parameters but

nonlinear in antecedent parameters. The robust consequent parameters identification problem can be

formulated as second-order cone programming problem. The optimal solution of this second-order cone

problem can be interpreted as solution of a Tikhonov regularization problem with a special choice of

regularization parameter which is optimal for robustness (Ghaoui and Lebret (1997). SAIM Journal of

Matrix Analysis and Applications 18, 1035–1064). The final regularized nonlinear optimization problem

allowing simultaneous identification of antecedent and consequent parameters is solved iteratively using a

generalized Gauss–Newton like method. To illustrate the approach, several simulation studies on

numerical examples including the modelling of a spectral data function (one-dimensional benchmark

example) is provided. The proposed robust fuzzy identification scheme has been applied to approximate

the physical fitness of patients with a fuzzy expert system. The identified fuzzy expert system is shown to be

capable of capturing the decisions (experiences) of a medical expert.

Keywords: fuzzy-modelling, least-squares problems, uncertainty, robustness, second-order cone pro-

gramming, regularization, robust identification

1. Introduction

Modelling of dynamic processes is required for simulation, prediction, model based
control and fault diagnosis. Fuzzy modelling or rule based modelling is considered
better than conventional mathematical techniques based on nonlinear differential
equations for dealing with ill-defined and uncertain processes. Fuzzy modelling is
based on a set of fuzzy if-then rules derived from expert domain knowledge to
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handle uncertainty. However, in some situations this expert domain knowledge
may not be sufficient to design fuzzy model due to lack of knowledge or problems
due to different biases of human experts. So there is need of learning of fuzzy
inference system from data. As data used in learning contains generally vagueness
and ambiguity, so there is need of developing algorithms for learning from imprecise
data. Fuzzy modelling and control has been widely applied for modelling com-
plex processes and decision problems (Zadeh (1973)). The main advantage of
fuzzy inference system over classical learning system and neural-network is its lin-
guistic interpretability of its function. Automatic construction or tuning of
these fuzzy systems from example data has been widely explored for Sugeno
type fuzzy inference system (Babuska (2000), Bodenhofer and Bauer (2000), Es-
pinosa and Vandewalle (2000), Setnes et al. (1998)), since they are supposed to
ideally combine simplicity with good analytical properties Takagi and Sugeno
(1985).

It is easy to state that solution of fuzzy identification problem may exhibit very
sensitive behavior to perturbations in the data. Many regularization methods have
been proposed to decrease sensitivity of identification algorithms. As pointed by
Golub (1989), the choice of regularization parameter is usually not obvious and
application dependent. Several criteria for optimizing the regularization parameters
have been proposed by Hunt (1973), Elden (1977) and Furuya (1989). These criteria
are chosen according to some additional a priori information, of deterministic or
stochastic nature. The extensive survey by Nashed (1981), Demoment (1989) and
Hanke and Hansen (1993) discuss these problems and some applications. In this
paper we consider the subject of deterministic robustness of fuzzy identification
problem in which the perturbations in the data are deterministic and unknown but
bounded. The robust identification problem can be formulated as second-order cone
programming (SOCP) problem. The optimal solution of second-order cone problem
can be interpreted as solution of a Tikhonov regularization problem with a special
choice of regularization parameter which is optimal for robustness (Ghaoui and
Lebret 1997). A numerical method based on generalized Gauss–Newton is suggested
for solving nonlinear regularized optimization problem, maintaining the interpret-
ability (which is key feature of fuzzy inference system) of the fuzzy system. The
proposed numerical method is shown to converge to the robust solution of identi-
fication problem.

The later part of the paper deals with the fuzzy modelling of the functional
relationship between physical fitness and various measurable physiological para-
meters. The fuzzy expert system must be tuned by the experience of a medical expert
to identify the complex physiological relations between the physiological parameters.
However, different medical experts may have different opinions and different biases
of their mind regarding the notion of physical fitness. So we assume a fixed level of
uncertainty in the opinion of our medical expert. Hence the identification of fuzzy
expert system must be robust against the uncertainty lying in the opinion, therefore
encouraging the use of robust fuzzy identification scheme in the problem of physical
fitness approximation.
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2. Sugeno Fuzzy Inference System

Let us consider a Sugeno fuzzy inference system ðFs : X ! YÞ, mapping n-dimen-
sional input space ðX ¼ X1 � X2 � � � � � XnÞ to one-dimensional real line, consisting
of K different rules. The ith rule is in the the form:

If x1 is Ai1 and x2 is Ai2 . . . : and xn is Ain then y ¼ ai; for all i ¼ 1; 2; . . . ;K,
where Ai1;Ai2; . . . ;Ain are non-empty fuzzy subsets of X1;X2; . . . ;Xn respectively
such that membership function lAij

: Xj ! ½0; 1� fulfill
PK

i¼1

Qn
j¼1 lAij

ðxjÞ > 0 for all
xj �Xj. The values a1; a2; . . . ; aK are real numbers. So we have

Fsðx1; x2; . . . ; xnÞ ¼
PK

i¼1 ai
Qn

j¼1 lAij
ðxjÞPK

i¼1

Qn
j¼1 lAij

ðxjÞ
: ð1Þ

We assume that xj belongs to a non-empty real intervals, i.e. xj � ½aj; bj� for all
j ¼ 1; . . . ; n.

The various classes of membership functions can be formulated in a common
mathematical frame by considering a knot vector h consisting of real elements, such
that shape of membership functions depends on the elements of vector h which
partition the universe of each input variable ðxi � ½ai; bi�Þ into Pi linguistic terms. To
elaborate the construction of membership functions based on knot vector ðhÞ, two
examples one for trapezoidal and other for gaussian membership functions are
provided below.

Trapezoidal membership function: Let h ¼ ðt11; . . . ; t2P1�2
1 ; t12; . . . ; t

2P2�2
2 ; . . . ; t1n; . . . ;

t2Pn�2
n Þ �RL, such that for ith input, ai � t1i � � � � � t2Pi�2

i � bi holds for all
i ¼ 1; . . . ; n. So Pi trapezoidal membership functions for ith input ðA1i;A2i; . . . ;APiiÞ
can be defined as

A1iðxi; hÞ ¼
1; if xi � ½ai; t1i �;

�xiþt2i
t2
i
�t1

i

; if xi � ½t1i ; t2i �;
0; otherwise:

8><
>:

Ajiðxi; hÞ ¼

xi�t2j�3
i

t2j�2
i

�t2j�3
i

; if xi � ½t2j�3
i ; t2j�2

i �;

1; if xi � ½t2j�2
i ; t2j�1

i �;
�xiþt2j

i

t2j
i
�t2j�1

i

; if xi � ½t2j�1
i ; t2ji �;

0; otherwise:

8>>>>><
>>>>>:

APiiðxi; hÞ ¼

xi�t
2Pi�3

i

t
2Pi�2

i
�t

2Pi�3

i

; if xi � ½t2Pi�3
i ; t2Pi�2

i �;

1; if xi � ½t2Pi�2
i ; bi�;

0; otherwise:

8>><
>>:
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Figure 1 shows an example with the choice of antecedent parameters as ai ¼ 0,
t1i ¼ 1, t2i ¼ 2, t3i ¼ 3, t4i ¼ 4 and bi ¼ 5.

Gaussian membership functions with unit dispersion: Let h ¼ ðt11; . . . ; tP1�2
1 ; t12; . . . ;

tP2�2
2 ; . . . ; t1n; . . . ; t

Pn�2
n Þ �RL, such that for ith input, ai � t1i � � � � � tPi�2

i � bi holds
for all i ¼ 1; . . . ; n. So Pi gaussian membership functions assuming unit dispersion
for ith input ðA1i;A2i; . . . ;APiiÞ can be defined as

A1iðxiÞ ¼ e�ðxi�aiÞ2 ;

Ajiðxi; hÞ ¼ e�ðxi�tj
i
Þ2 ;

APiiðxiÞ ¼ e�ðxi�biÞ2 :

Figure 2 shows an example with the choice of antecedent parameters as ai ¼ 0,
t1i ¼ 2:5 and bi ¼ 5.

Total number of possible K rules depends on the number of membership functions
for each input, i.e. K ¼ Pn

i¼1Pi, where Pi is the number of membership functions
defined over ith input. Depending upon the choice of membership functions Eq. (1)
can be rewritten as function of h.

Fsðx1; x2; . . . ; xnÞ ¼
XK
i¼1

aiGiðx1; x2; . . . ; xn; hÞ; ð2Þ
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Figure 1. Trapezoidal membership functions.
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where

Giðx1; x2; . . . ; xn; hÞ ¼
Qn

j¼1 lAij
ðxjÞPK

i¼1

Qn
j¼1 lAij

ðxjÞ
:

Let us introduce the following notation i.e.

a ¼ ½ai�i¼1;...;K �RK; x ¼ ½xi�i¼1;...;n �R
n; G ¼ ½Giðx; hÞ�i¼1;...;K �RK:

Now above equation can be written as

FsðxÞ ¼ GTðx; hÞa: ð3Þ

3. Problem Formulation

We consider the fuzzy approximation problem of the process described by following
unknown equation at kth instant of time:

yðkÞ ¼ fðxðkÞ þ dxÞ þ vðkÞ;

where dx is the uncertainty present in vector xðkÞ �Rn and vðkÞ is the bounded noise
present in measurements. The aim is to postulate a fuzzy model, unfalsified by noisy
measurements ½xðkÞ; yðkÞ�k¼1;...;m. So we are required to estimate the fuzzy para-
meters ½a; h� satisfying the following equation.
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Figure 2. Gaussian membership functions.
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yðkÞ ¼ ðGðxðkÞ; hÞ þ dGÞTaþ vðkÞ;

where dG is the uncertainty in regression vector due to noise dx in xðkÞ.
Let us introduce the following notation:

Y ¼ ½yðkÞ�k¼1;...;m �Rm;

BðhÞ ¼ ½GiðxðkÞ; hÞ�k¼1;...;m; i¼1;...;K �Rm�K:

Now, our problem consists of finding the solution ða; hÞ to an over determined set of
equations BðhÞa � Y, where the matrix B and vector Y are subject to bounded
perturbations. First we assume that the given model is not a single pair ðB;YÞ but a
family of matrices ðBþ DB;Yþ DYÞ, where perturbation matrix ½DBDY� is an un-
known but bounded matrix, i.e. kDBDYkF < q, where k � kF denotes the Frobenius
norm and q > 0 is given. For a fixed ða; hÞ, we define the worst-case residual as

eðB;Y; q; a; hÞ ¼ max
kDBDYkF�q

kðBðhÞ þ DBÞa� ðYþ DYÞk;

where k � k denotes the usual Euclidean norm. We say that ða; hÞ is a robust solution
if it minimizes the worst-case residual. To find the optimal parameters ða�; h�Þ, we
need to compute following problem

UðB;Y; qÞ ¼ min
ða;hÞ

max
kDBDYkF�q

kðBðhÞ þ DBÞa� ðYþ DYÞk:

Initially we keep a fixed value of variable h and perform the minimization over the
variable a only. Then the minimization problem reduces to

UðB;Y; q; hÞ ¼ min
a

max
kDBDYkF�q

kðBþ DBÞa� ðYþ DYÞk: ð4Þ

As stated by Ghaoui and Lebret (1997), this problem can be formulated as SOCP,
however for the sake of completion we write the various steps involved. Using the
triangular inequality, we have

kBa� Yk þ ðkak2 þ 1Þ1=2 � max
kDBDYkF�1

kðBþ DBÞa� ðYþ DYÞk:

Choose perturbation matrices as

½DBDY� ¼ ðBa� YÞ
kBa� Ykðkak2 þ 1Þ1=2

½aT � 1�:

With the above choice of perturbation matrices we have
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kðBþ DBÞa� ðYþ DYÞk ¼ kBa� Yk þ ðkak2 þ 1Þ1=2:

This implies that when q ¼ 1, the worst-case residual is given by (assuming fixed h)

eðB;Y; 1; a; hÞ ¼ kBa� Yk þ ðkak2 þ 1Þ1=2:

The problem of minimizing eðB;Y; 1; aÞ over a has unique solution a�, because of
strict convexity of the worst-case residual. This problem can be formulated as the
SOCP as follows:

minimize k subject to kBa� Yk � k� s; k½aT 1�Tk � s:

Using duality results for SOCP, we have dual problem to above problem as

maximizeYTz� v subject to BTzþ u ¼ 0; kzk � 1; k½uT vT�Tk � 1:

Since both primal and dual problems are strictly feasible, there exists optimal points
for both of them. If k ¼ s at optimum, then Ba ¼ Y and k ¼ s ¼ ðkak2 þ 1Þ1=2. In
this case, the optimal a� is the minimum-norm solution to Ba ¼ Y. So, a� ¼ ByY,
where By is the pseudoinverse of B. If k > s then again, both primal and dual
problems are strictly feasible, therefore primal and dual-optimal objectives are equal.
So,

kBa� Yk þ k½aT 1�k ¼ k ¼ YTz� v ¼ �ðBa� YÞTzþ aTBTz� v

Using kzk � 1, k½uT v�Tk � 1, u ¼ �BTz, we get

z ¼ � Ba� Y

kBa� Yk ;

½uT v� ¼ � ½aT 1�
ðkak2 þ 1Þ1=2

:

Replacing these values in BTzþ u ¼ 0, we get optimal value a� as

a� ¼ ðBTBþ lIÞ�1BTY; with l ¼ kBa� Yk
ðkak2 þ 1Þ1=2

:

The optimal solution a� of robust identification problem can be interpreted as
solution of a Tikhonov regularization problem with l as regularization parameter.
The corresponding regularized problem is
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minimize kBa� Yk2 þ lkak2:

This implies that

UðB;Y; 1; hÞ ¼ min
a

kBa� Yk2 þ lkak2; l ¼ kBa� Yk
ðkak2 þ 1Þ1=2

:

For any q > 0, we have UðB;Y; qÞ ¼ qUðB=q;Y=q; 1Þ. It is easy to see that

UðB;Y; q; hÞ ¼ min
a

kðB=q1=2Þa� ðY=q1=2Þk2 þ lkak2:

At this stage, we see the problem from regularization point of view. Instead of robust
solution, we try to rather find equivalent regularized solution. If we also try to tune
the parameter h, the corresponding regularized minimization problem is

UðB;Y; qÞ ¼ min
ða;hÞ

kðBðhÞ=q1=2Þa� ðY=q1=2Þk2 þ lkak2:

If we also provide regularization to the antecedent parameters, then the minimiza-
tion problem becomes

UðB;Y; qÞ ¼ min
ða;hÞ

kðBðhÞ=q1=2Þa� ðY=q1=2Þk2 þ lkak2 þ lkh� h0k2

where h0 is initial guess about shape of membership functions and l is the regu-
larization parameter. Let

Wða; hÞ ¼ kðBðhÞ=q1=2Þa� ðY=q1=2Þk2 þ lkak2 þ lkh� h0k2:

So, we have

UðB;Y; qÞ ¼ min
ða;hÞ

Wða; hÞ:

Moreover, we also want to preserve the interpretability of fuzzy system during
learning. So the membership functions can be prevented from overlapping by
imposing some constraints on the position of knots, for instance, in case of trape-
zoidal membership functions the constraints can be formulated, i.e. for all
i ¼ 1; . . . ; n

t1i � ai � � i

tjþ1
i � tji � � i for all j ¼ 1; 2; . . . ; ð2Pi � 3Þ
bi � t2Pi�2

i � � i
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These constraints can be formulated in term of a matrix inequality Ch � h (Burger
et al. (2002)). Finally the constrained regularized optimization problem is

min
ða;hÞ

Wða; hÞ ¼ kðBðhÞ=q1=2Þa� ðY=q1=2Þk2 þ lkak2 þ lkh� h0k2;

where

l ¼ kBðhÞa� Yk
ðkak2 þ 1Þ1=2

and Ch � h:

4. Iterative Solution of Fuzzy Identification Problem

Let ½a�; h�� be the solution of robust fuzzy identification problem, minimizing the
functional Wða; hÞ. Therefore, ½a�; h�� must satisfy following equation.

a� ¼ BTðh�ÞBðh�Þ
q

þ l�I

� ��1
BTðh�ÞY

q
with l� ¼ kBðh�Þa� � Yk

ðka�k2 þ 1Þ1=2
: ð5Þ

Consider the singular value decomposition (SVD) of BðhÞ:

BðhÞ ¼ UðhÞ RðhÞ
0

� �
VTðhÞ;

where UðhÞ �Rm�m, VðhÞ �RK�K are orthogonal and RðhÞ is a diagonal matrix with
diagonal entries r1; . . . ; rK such that

r1 � r2 � � � � � rK � 0

are the singular values of B (assuming BðhÞ a full rank matrix). We define b1ðhÞ �RK

and b2ðhÞ �Rm�K as

b1ðhÞ
b2ðhÞ

� �
¼ UTðhÞY:

The expression (5) for a� can be rewritten as

a� ¼ Vðh�ÞðR2ðh�Þ þ l�qIÞ�1Rðh�Þb1ðh�Þ;

and therefore, ka�k ¼ kRðh�ÞðR2ðh�Þ þ l�qIÞ�1b1ðh�Þk. Also,
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Y� Bðh�Þa� ¼ Uðh�ÞUTðh�ÞY�Uðh�Þ
Rðh�Þ
0

� �
VTðh�Þa�;

¼ Uðh�Þ b1ðh�Þ � R2ðh�ÞðR2ðh�Þ þ l�qIÞ�1b1ðh�Þ
b2ðh�Þ

" #
;

¼ Uðh�Þ lqðR2ðh�Þ þ l�qIÞ�1b1ðh�Þ
b2ðh�Þ

" #
:

Hence,

kY� Bðh�Þa�k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kb2ðh�Þk2 þ ðl�Þ2q2kðR2ðh�Þ þ l�qIÞ�1b1ðh�Þk2

q
:

Now, the expression for l� reduces to

l� ¼ kb2ðh�Þk2 þ ðl�Þ2q2kðR2ðh�Þ þ l�qIÞ�1b1ðh�Þk2

1þ kRðh�ÞðR2ðh�Þ þ l�qIÞ�1b1ðh�Þk2

 !1=2

:

The above expression implies

ðl�Þ2ð1þ kRðh�ÞðR2ðh�Þ þ l�qIÞ�1b1ðh�Þk2Þ � kb2ðh�Þk2

� ðl�Þ2q2kðR2ðh�Þ þ l�qIÞ�1b1ðh�Þk2 ¼ 0;

and can be further rewritten as

1þ bT1 ðh
�ÞðR2ðh�Þ � q2IÞðR2ðh�Þ þ l�qIÞ�2b1ðh�Þ �

kb2ðh�Þk2

ðl�Þ2
¼ 0:

Note that, h� ¼ argminh Wða�; hÞ, with Ch� � h. Assume that

Zðh; lÞ ¼
Y=q1=2

ð0ÞK�1

ðlÞ1=2ðh� h0Þ

2
4

3
5; Hðh; lÞ ¼

BðhÞ=q1=2
ðlÞ1=2ðIÞK
ð0ÞL�K

2
4

3
5;

and rðh; lÞ ¼ Zðh; lÞ �Hðh; lÞa�. Now, h� can be formulated as the solution of a
nonlinear least squares constrained problem:

h� ¼ argmin
h

krðh; l�Þk2; Ch � h: ð6Þ

We introduce two nonlinear functions:
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Rðh; lÞ ¼ kb2ðhÞk2 þ l2q2kðR2ðhÞ þ lqIÞ�1b1ðhÞk2

1þ kRðhÞðR2ðhÞ þ lqIÞ�1b1ðhÞk2

 !1=2

;

and secular function Gðh; lÞ

Gðh; lÞ ¼ 1þ bT1 ðhÞðR2ðhÞ � q2IÞðR2ðhÞ þ lqIÞ�2b1ðhÞ �
kb2ðhÞk2

l2
:

Therefore, Gðh�; l�Þ ¼ 0.
For the computation of h�, we need to solve the constrained nonlinear optimi-

zation problem (6), using some numerical optimization technique. However, in some
cases it is quite possible that chosen numerical method for solving the optimization
problem does not converge or converges locally. Therefore, we define sub-optimal
solution ð�a; �h) such that Gð�h; �lÞ ¼ 0, where �h may not be the global minimizer of

krðh; l�Þk2. However, note that the sub-optimal solution ð�h; �aÞ is robust in the sense
that

�a ¼ argmin
a

max
kDBDYkF�q

kðBð�hÞ þ DBÞa� ðYþ DYÞk:

It can be seen that Gðh; lÞ and Rðh; lÞ are related by

Gðh; lÞ ¼ 1� Rðh; lÞ
l

� �2
 !

ð1þ kRðhÞðR2ðhÞ þ lqIÞ�1b1ðhÞk2Þ:

A solution of fuzzy identification problem, say (�a; �h), will be robust if it is the root
of secular function, i.e. Gð�h; �lÞ ¼ 0. Also, note that �a ¼ ðHð�h; �lÞÞyZð�h; �lÞ and
�l ¼ Rð�h; �lÞ. Therefore,

oGð�h; �lÞ
ol

¼ 2ð1� oRð�h; �lÞ=olÞð1þ kRð�hÞðR2ð�hÞ þ �lqIÞ�1b1ð�hÞk2Þ
�l

;

where oGð�h;�lÞ
ol is the partial derivative value of secular function Gðh; lÞ with respect to

l at point ð�h; �lÞ. It follows from above equation that

oRð�h; �lÞ
ol

¼ 1� �lðoGð�h; �lÞ=olÞ
2ð1þ kRð�hÞðR2ð�hÞ þ �lqIÞ�1b1ð�hÞk2Þ

: ð7Þ

It was shown by Chandrasekaran (1998) that if �l > 0 is the positive root of

gðlÞ ¼ bT1 ðR2 � q2IÞðR2 þ lIÞ�2b1 � q2

l2 kb2k
2, then

dgð�lÞ
dl > 0. Now, making similar
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arguments it can be shown that oGð�h; �lÞ=ol > 0. Therefore, it follows from Eq. (7)
that

oRð�h; �lÞ
ol

< 1:

Differentiating Gðh; lÞ, we have

oGðh; lÞ
ol

¼ 2kb2ðhÞk2

l3
� 2qbT1 ðhÞðR2ðhÞ � q2IÞðR2ðhÞ þ lqIÞ�3b1ðhÞ

and therefore

�l
oGð�h; �lÞ

ol
¼ 2þ 2bT1 ð�hÞR2ð�hÞðR2ð�hÞ � q2IÞðR2ð�hÞ þ �lqIÞ�3b1ð�hÞ;

using Gð�h; �lÞ ¼ 0. Now Eq. (7) becomes

oRð�h; �lÞ
ol

¼ ðq2 þ �lqÞ bT1 ð�hÞR2ð�hÞðR2ð�hÞ þ �lqIÞ�3b1ð�hÞ
1þ kRð�hÞðR2ð�hÞ þ �lqIÞ�1b1ð�hÞk2

> 0:

It follows that

0 <
oRð�h; �lÞ

ol
< 1: ð8Þ

Based on the above analysis (inequality (8) and Eq. (6)), following iterative scheme
is suggested for the robust identification of fuzzy parameters ða; hÞ in presence of
uncertainty in the identification data.

1. Choose a0, h0, iteration count k ¼ 0 and a positive constant �.
2. Compute lkþ1 ¼ Rðhk; lkÞ.
3. Compute akþ1 ¼ ðHðhk; lkþ1ÞÞyZðhk; lkþ1Þ.
4. If jGðhk; lkþ1Þj > �

(a) Compute Zðhk; lkþ1Þ and Hðhk; lkþ1Þ.
(b) Let rðhkÞ ¼ Zðhk; lkþ1Þ �Hðhk; lkþ1Þakþ1.
(c) Compute Jacobian r0ðhkÞ by the method of finite differences, which is a full

rank matrix (due to regularization).
(d) Solve s� ¼ arg mins½krðhkÞ þ r0ðhkÞsk2, Cs � h� Chk�, using the method sug-

gested by Lawson and Hanson (1995).
(e) hkþ1 ¼ hk þ s�.

5. k:¼ kþ 1.
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The above iterative allows the updating of antecedent parameters h only if
jGðhk; lkþ1Þj > � . Actually, � is chosen a small positive constant. So, there is no
updating of hk near the optimal point ðGðhk; lkþ1Þ � 0Þ. This facilitate the damping
of the oscillations near optimal point and convergence of the proposed scheme to at
least sub-optimal solution is ensured. Assume that there exists a positive integer N
such that hN�1 ¼ �h and jGðhN�1; lNÞj < � . Now, noting that 0 < oRð�h; �lÞ=ol < 1,
we say that the iterative scheme

lkþ1 ¼ Rð�h; lkÞ; k ¼ N;Nþ 1; . . .

is locally convergent to �l.

5. Numerical examples

To illustrate the proposed method of robust fuzzy identification, a number of simu-
lation studies for the reconstruction and rule-based modelling of a one-dimensional
spectral data function are considered. The goal of task is to construct a transparent
rule based model from noisy measurements with a known level of perturbation in the
data. The spectral data function was simulated as

fðxÞ ¼ 1:2e�ðx�4:8Þðx�5:8Þ=0:7 � 1:2e�ðxþ3:5Þ2 þ 0:08x;

for x � ½�10; 10�. The output of the function was added with random numbers,
chosen from a uniform distribution on the interval (�0.1, 1.0). Initially, the input
space is divided into 10 symmetrical trapezoidal membership functions distributed
uniformly over the input space. We apply the proposed method for the robust
identification of spectral data function with the perturbation value ðq ¼ 0:4293Þ and
taking � ¼ 0:05. Figure 3 shows the convergence behavior of the proposed method
and Figure 5 shows the fitting of data with fuzzy model. The interpretability of
fuzzy system remains preserved during and after identification, as a consequence
of solving constrained optimization problem. Figure 4 shows the shape of mem-
bership functions after identification. Representing the 10 membership functions as
ðA1;A2; . . . ;A10Þ, the identified fuzzy rule base is stated in Table 1.

Note that once the antecedent parameters ðhÞ are known, the consequent
parameters can be alternatively estimated by solving the SOCP problem. Therefore,
we also considered the estimation of consequent parameters by solving the SOCP
problem using SEDUMI 1.02 (a matlab toolbox for optimization over symmetric
cones). However, the results obtained are same as shown in Table 1.

We repeat the experiment for different levels of data uncertainty. Figure 6 shows
the results obtained and Figure 7 shows the plot between optimal regularization
parameter l� and uncertainty level q. The plot between l� and q helps us to choose
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the optimal value of regularization parameter for a given level of uncertainty in the
identification data.

6. Fuzzy Approximation of Physical Fitness

The aim of problem is to approximate the physical fitness or to identify the func-
tional relationship between physical fitness and other physiological parameters with
a fuzzy inference system (Figure 8). This complex and uncertain functional rela-
tionship is not so easy to define even in linguistic terms due to the uncertainty,
natural diversity and subjectivity in the opinion of individuals. So, there is a need of
developing some robust techniques for the automatic construction of such an expert
system from example data.

The proposed method was used to identify the fuzzy expert system. The real world
clinical data consists of various physiological variables: body mass index (BMI),
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Figure 3. Convergence of the parameters.
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absolute VO2max and relative VO2max. This set of three parameters are the inputs of
the fuzzy system and the output of fuzzy system is the quantification of physical
fitness on a scale ranging from 0 to 1. Our training data consists of 80 patients and a
comment on the physical fitness of these patients was made quantitatively by a
medical expert based on his experience. However, we assume an uncertainty level of
10% in the comment of medical expert.
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Figure 5. Regularized (optimal for robustness) fuzzy approximation.
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Figure 6. Robust fuzzy identification for different levels of uncertainty.

Table 1. Fuzzy rules obtained from uncertain data.

Rule Antecedent Consequent Proposed method SOCP

R1 If x is A1 then y is equal to )0.7235 )0.7235
R2 If x is A2 then y is equal to )0.5009 )0.5009
R3 If x is A3 then y is equal to )0.3748 )0.3748
R4 If x is A4 then y is equal to )1.1778 )1.1778
R5 If x is A5 then y is equal to )0.0130 )0.0130
R6 If x is A6 then y is equal to 0.0464 0.0464

R7 If x is A7 then y is equal to 0.1519 0.1519

R8 If x is A8 then y is equal to 1.6761 1.6761

R9 If x is A9 then y is equal to 0.5223 0.5223

R10 If x is A10 then y is equal to 0.6347 0.6347
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The whole range of all input parameters has been divided into two membership
functions with linguistic terms Normal and Abnormal. This results the fuzzy inference
system to consist of eight rules. To preserve the interpretability of fuzzy system, the
membership functions were prevented from overlapping by putting constraints on
the position of knots. Figure 9 shows the shape of identified membership functions
and Table 2 shows the identified interpretable fuzzy rule base approximating the
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Figure 7. Optimal regularization parameter ðl�Þ as function of q.

Figure 8. Fuzzy approximation of physical fitness.
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functional relationship between physical fitness and other physiological parameters.
The identified fuzzy expert system was tested on another set of 80 patients for the
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Table 2. Fuzzy rules identified for physical fitness approximation.

Rule BMI AbsVO2max relVO2max Physical fitness

R1 Normal Abnormal Abnormal 0.1526

R2 Normal Abnormal Normal 0.9850

R3 Normal Normal Abnormal 0.1649

R4 Normal Normal Normal 1.0027

R5 Abnormal Abnormal Abnormal 0

R6 Abnormal Abnormal Normal 0

R7 Abnormal Normal Abnormal 0.1621

R8 Abnormal Normal Normal 0.9911
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validation of our model. Figure 10 shows the remarkable results obtained, in pre-
dicting the physical fitness of patients using the identified fuzzy model.

7. Conclusion

This paper has outlined the robust (min–max) identification of fuzzy parameters in
presence of uncertainty in the identification data by solving an equivalent regularized
identification problem. An iterative method to solve the regularized identification
problem was described and was shown to provide good results in application to the
problems of modelling and approximation.

The proposed method was used to develop a fuzzy expert system for the
approximation of physical fitness functional relationship with some of the physio-
logical parameters. The developed fuzzy expert system proved successful in the
modelling of human-experiences and handling the uncertainty lying in the human
decisions.
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Notes

1. Corresponding author.
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